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We consider the Q-state Potts model on 74, 0 > 3, d > 2, with Kac ferromagnetic
interactions and scaling parameter y. We prove the existence of a first order phase
transition for large but finite potential ranges. More precisely we prove that for  small
enough there is a value of the temperature at which coexist O + 1 Gibbs states. The proof
is obtained by a perturbation around mean-field using Pirogov-Sinai theory. The result
is valid in particular for d = 2, QO = 3, in contrast with the case of nearest-neighbor
interactions for which available results indicate a second order phase transition. Putting
both results together provides an example of a system which undergoes a transition from
second to first order phase transition by changing only the finite range of the interaction.

KEY WORDS: Kac potentials, Lebowitz-Penrose limit, Pirogov-Sinai theory, Potts
model

1. INTRODUCTION

The Potts model is one of the most studied systems in Statistical Mechanics not
to mention its interest in other areas of mathematics and computer sciences. Since
its original description by Potts as a simplified version of the clock model, > it
has become an ever growing source of interest, in particular in the field of phase
transition. Originally introduced as the simplest generalization of the Ising Model
(classical spins with Q values interacting through alike/unlike interactions), it
acquired a further significance through the Fortuin-Kasteleyn representation, !4
which allows for both a straightforward generalization to any real positive value of
the parameter Q (random cluster model !%!7), and a direct connection between its
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partition function and the Tutte dichromatic polynomial, ?32%) which have a central
meaning in large areas of graph theory. The FK random cluster representation,
gave also rise to important connections with percolation theory (Q — 1) and
resistor networks (Q — 0).

Though the Potts model is in general not solvable, it has been regarded
since the original work by Potts as a simple example of an order-disorder phase
transition. A lot of work has been dedicated to a rigorous study of the critical
properties of the model and their dependence on the number Q of spin values and
the dimension d of the lattice. The are exact computations, > which show that the
transition is first order for nearest neighbor interactions in two dimensions when
0O > 4 while it is continuous for Q < 4 (see Ref. 30 for a review), but a complete
proof is still missing. A thorough analysis is however available for the mean field
version of the model where the transition is continuous for Q < 2 and first order
for O > 3, independently of the dimensions.

There have been several attempts in various directions to weaken the mean
field hypothesis. The idea is to regard the Potts model as a perturbation of its
mean field version and this has been achieved in three different regimes: large
number of dimensions &, '® large number of components Q, 12! and long range
interactions 7% and the present paper. We also mention that early attempts led to
an heuristic determination of a value Q.(d) beyond which the transition becomes
mean-field like, and in particular to a few exact results Q.(2) =4, 0.(4) = 2,
0.(6) = 1.69

Indeed the most natural way to approximate mean field is to use long range
interactions as in Ref. 1 where the occurrence of a phase transition is proved in
one dimension with an interaction which decays as 1/72. Numerical results, ")
indicate that a transition from continuous to first order occurs for interactions with
a power law decay 1/r° when s varies across some Q-dependent critical value. A
recent work on more long range interactions® proves the existence at a special
value of the temperature of O + 1 distinct DLR states, where Q of them describe
ordered phases, each one with a dominant spin, while the last one describes a
disordered phase where all spins have same average value. The result applies to
special interactions (they should be “reflection positive) and requires slow power
law decay in low dimension, d < 3, while for d > 3 some exponentially decaying
potentials can be also considered.

As already mentioned the present paper is also based on approximating mean
field by using long range interactions, but in a sense and with a methodology
different from the above papers. We follow the approach proposed by Kac, in
particular in its implementation by Lebowitz and Penrose. ?® Calling y the scaling
parameter of the Kac potential (so that mean field is recovered in the limit y — 0)
we will prove that a mean field behavior is observed also at finite y’s, i.e. without
taking y — 0, which, for the potentials that we consider, means that the range of
the interaction is strictly finite. More precisely we will show that the coexistence
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in the mean-field model of O + 1 phases at the inverse critical temperature ,BCr,"f
implies that the same occurs also for finite (and suitably small) values of y but atan
inverse temperature 8. = B.(y) which is close to but not necessarily equal to B™.
Moreover in a paper still in preparation we show that the present techniques allow
to determine also the structure of the phase diagram around S.(y ): there are § and
ys both positive so that for any y < y; the following holds. When 8 € (B.(y) —
8, Bc(y)) there is a unique extremal, translational invariant [disordered] DLR
state while for 8 € (B.(y), B.(y) + &) there are exactly Q extremal, translational
invariant [ordered] DLR states. This shows that the transition is first order for
O > 3 and all d > 2 provided the interaction has a “sufficiently long range,” but
recall its range is strictly finite.

In some respect, the above results are quite surprising and contradict some
deeply rooted beliefs and in particular:

e All finite range models with the same symmetries and the same dimen-
sions behave the same, in particular nearest neighbors and finite range
ferromagnetic bounded spin systems are in a same universality class.

e The Pirogov Sinai theory applies away from the critical point.

e Though a rigorous analysis is still missing, the available results for the
(Q =3, d = 2) Potts model with nearest neighbor interactions strongly indicate
a second order phase transition.® In contradistinction, our results show that for
a finite but long enough range of interactions, the transition is first order, which
in turn suggests that there is a critical interaction range where the transition
changes nature from first to second order. If this was to be the case, we would
get an example of a modification of the qualitative behavior induced by changing
the [finite] range of the interaction and the first item above would be proven
false.

e The second statement about Pirogov-Sinai applies to our context because
we use extensively the Pirogov-Sinai techniques by “perturbing the mean field
ground states”. The perturbation is on the inverse interaction range which is 0 in
mean field and y > 0 for the true system. To our knowledge this is the first ex-
ample where the Pirogov-Sinai theory works in a range which includes the critical
point.

The idea of perturbing mean field with Kac potentials is clearly contained in
the original papers by Lebowitz and Penrose, ®® who introduced a coarse grained
description of the model which then plays a fundamental role in the proofs. Using
this approach not only as a tool to derive the limit y — 0 but also in order to
study rigorously phase transitions for fixed (small) values of y > 0 is much more
recent. %1113 The above papers deal with a ferromagnetic Ising systems with
Kac potentials and the spin flip symmetry allows to avoid Pirogov-Sinai. Such a
symmetry is absent in the models considered in Refs. 2, 10, 21 and a Pirogov-Sinai
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approach®® is required, as well as in the Potts model we are considering here.
Unfortunately the idea that it is sufficient to take y (instead of the temperature)
as the small parameter to get the classical Pirogov-Sinai theory working as well
for Kac potentials is a little naive and there is no paper, we believe, in the huge
literature on Pirogov-Sinai which covers our case. We thus have to enter into
the theory itself and not only check that our model verifies a list of general
conditions.

A discussion on the differences with the classical Pirogov-Sinai theory and
the techniques used to overcome the corresponding problems has a rather technical
nature and does not fit well in an introductory section, so we postpone it to Sec. 4
where we also outline the scheme of the proofs. We just mention here that an
output of the Pirogov-Sinai theory is a control of the local structure of the phase
diagram. The work however becomes much simpler if less ambitiously we restrict
to the problem of finding a temperature at which the Q + 1 phases coexist. This
does not require to determine the landscape of the metastable free energies of
the O 4 1 phases, but only the existence of a temperature where they are all
equal. This is what we do here, the result as it stands, is indeed compatible with
the existence of many other nearby temperatures where the same happens. In
the forthcomming paper mentioned previously, we will exclude such possibilities
with an argument which extends the results of Ref. 9, avoiding the analysis of
metastable free energies landscape and allows to characterize all the ergodic DLR
states.

The paper is organized as follows: In Sec. 2, we define the model and state
our main result. In Sec. 3, we introduce the scales which appear in the problem
and define the contours we will deal with. In Sec. 4, we explain the strategy of the
proofs and introduce abstract contours models which are at the core of the Pirogov-
Sinai theory in the Zahradnik approach. " In Sec. 5, we define the coarse-grained
configurations and prove a “Lebowitz Penrose theorem,” introducing a mean field
functional. In Sec. 6 we identify the value of the inverse temperature 8 at which
the order-disorder phase transition takes place. Section 7 contains an estimate for
the finite volume corrections to the pressure, which requires both a control on
the decay of correlation and a small deviation estimate. In Sec. 8, we prove an
approximate factorization theorem for the contour weights stated in Sec. 4 and
derive the large deviation estimate which provides the Peierls constant.

Six appendices are added at the end of the paper: Appendix A contains a short
review of the mean field theory for the Potts model as well as the derivation of the
properties on which we rely in the rest of the paper. Appendix B discuss the local
equilibrium properties which are used in various parts of the paper. In Appendix
C, we prove the existence of the pressure for the abstract models introduced in
Sec. 6. In Appendix D and E, we prove two lemmas needed in Sec. 7. Finally, in
Appendix F, we give the proof of Theorem 6.1.
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2. MODEL AND MAIN RESULTS

Two equivalent representations: The O-state Potts model on Z%, QO > 2 an
integer, may be equivalently regarded as a system of classical spins which take
O values, called “colors,” or else as a system of Q species of particles with the
constraint that at each site there is one and only one particle. In the sequel, we will
rather stick to the second interpretation since its implementation fits better both
with the coarse-graining we need to consider, and with the mean-field free energy
functional to be introduced later.

In the first interpretation we call o(i) the spin at site i € Z¢, Q, :=
{ai,...ap}, the set of “colors” the spins take value in, Q= Q?, the config-
uration space, and Qp = Qé\ its restriction to a finite subset A of Z¢.

In the second interpretation &, (i) denotes the occupation number at site i € z4
of the species g € Q. LetQ, := {iiy, ..., i o} be the set of unit vectors in R? with
components u, x = 8, 5. Due to the constraint ) | ge0 §¢(i) = 1, the collection of all
occupation numbers at site i can be written as a density vector, § (@) = (&4(@))ge0>
taking value in ©2,. We denote the configuration space as Q := Qf’l.

There is obviously a one to one correspondence between 2 and €2, defined
by associating to each element o of €2, a vector configuration é of Q as

Ei)=il, <= o(i)=a, 2.1

Kac potentials: Denoting by y > 0 a “scaling parameter,” let J, be the
kernel defined on R x R? as

Jy(x,y) =y T (r(x = ») (22)

where J(r) is a spherically symmetric probability density supported by the unit
ball and differentiable with bounded derivative.

Then the Potts-Kac energy in a finite region A with boundary conditions
One € Qpe is

1 .. .
Hy.a(0al0ne) 1= =3 Y Tyl Dorir=orin = P Jylis NMioyir=anciin (2:3)
i,jeA ;’eAc
[y JeA

which, in the particle representation, reads
Z = 1 . N2 o o N P
Hy AEaline) = =3 ”Z Jy(iy ENG) - En() — Z Jy(iy DENG) - Sac(j) (2.4)
i,jeA ieA
i#] JeAe

where the characteristic functions in (2.3) have been substituted by a scalar prod-
uct between density vectors, & - &' 1= ZqQ=1 Sq?;";. This representation allows in
particular to extend the definition (2.4) to a wider set of boundary conditions § xc,
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where 5 is taken in L>°(Z¢, Sp), with Sy is the set of all density vectors in RO,

SQ:{ﬁeRngqul} 2.5)

q

The set Sp is the convex set in R which extremal points identify with the elements
of Q,[:]
The finite-volume Gibbs specifications are then the probability measures

e_ﬂHV,A(gA [5ac)

£ Spe) = ——— 2.6
My, p.AEAlSAC) 7 nGr) (2.6)

where Z, g A(Sac) is the partition function

ZVv,BvA(EAf) = Z e_ﬁHy»A@.A\EAn)
£

Mean field: The mean field free energy density is

ori(5) = —-qu += qu In(pg), 6 =(pg)geo €S0 (2.7)

The g-th component p, is interpreted as the density of particles of species g, the
first term in (2.7) is then (at leading order in the number of particles) the energy
density supposing that each particle interacts equally with all the others, and the
second term is the entropy. Referring to Appendix A for details, we recall that in
the mean field theory, for each value of Q, there is a critical inverse temperature
B™ such that:

forall 8 < ¢g‘f has a unique minimizer denoted by o ,0}S ;
forall g > ﬁé“f there are Q minimizers pﬁ pefl,..., 0}

for 8 = ﬂf‘f there are Q + 1 minimizers ﬁcﬁ, pe {—1, I,..., 0}

In the above result and in the sequel, we label with p, p € {—1,1,..., O},
the O + 1 mean field minimizers at the critical temperature, p = —1 referring
to the disordered phase, and p = ¢, ¢ > 0 the ordered one in which the color ¢
dominates.

Main result: For the finite range Kac-Potts models with y small enough, a
situation similar to the mean-field results holds. Calling a set of DLR measures
mutually independent if none of them is a convex combination of the others, we
will prove in the sequel the following:
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Theorem 2.1. Foranyd > 2and Q > 3, there exists y > 0such thatforanyy €
(0, 7). there is a value p = B.(y) at which there are O + 1 mutually independent
DLR measures with Gibbs specifications (2.6), M)f,ﬂc(y)’ p=—-1,1,...,0.

In the course of the proof, we Yvill characterize quite explicitly the support

properties of the DLR measures Mﬁ () which will make evident closeness to
mean field, in particular we will see that for a suitable constant ¢

|Bc(y) — B™M| < cy'/?

and prove that with large probability in uf 8.0 the empirical average of g? (i) over

suitably large blocks is close to the (critical) mean field value 5.

In a forthcoming paper we will also prove that the DLR measures uf pu(y) ATC
translational invariant and have trivial o-algebra at infinity; moreover any other
translational invariant DLR measure is a convex combination of the u f Bey) which
are then the only ergodic DLR measures.

3. SCALES, PHASE INDICATORS AND CONTOURS

Coarse graining is the master word in the proof of Theorem 2.1. We will need
to define three scale lengths £o, £_,, and £, ,, depending on the scale parameter
y. The first one, the shortest, will be used to estimate partition functions a la
Lebowitz-Penrose. £, is much shorter than the interaction range y !, yet much
larger than the lattice spacing, set equal to 1. £_, is the scale at which one
“recognizes a phase”: the empirical average of the spins in boxes of side £_ ,,
will be used as an indicator of the local state of the system. When compared to
the mean field equilibrium value it will allow us to check whether the system is
locally close to an equilibrium. £_ ,, will be chosen much larger than £, yet still
much smaller than the range y ~! so that the indicator can be regarded as a truly
local estimator. Finally ¢, , is chosen much larger than » ~', such that if in a box
of side £, , the phase indicator constantly indicates the same equilibrium, then
the behavior of the spins inside the box but far from the boundaries is almost
uncorrelated to the outside.

A possible choice for €9, £_, and £, ,, is to have them scale as y 7, 3 ~(1=%)
and y ~(+9) with o positive and small enough. More precisely we set these three
lengthes as the closest powers of 2 to these values

Ly = 2[%%]’ ei’y — 2[(1101)'"&;1] (3.9)

([-]is the integer part of -), so that the ratios f;f—: and ZE—OV are integers. We can then

construct three partitions Dt of R in cubes of size £, £ = £, £_,, ¢y, whichare
one coarser than the other (if y is small enough). In order to define our local phase
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indicator, we need to define an accuracy parameter a. In the course of the proof,
various restrictions on the possible choices of « and a will appear, none of which
critical, nor necessarily optimal. We write them here for the reader’s convenience,
but it is somewhat simpler to keep in mind the choice « < 1 and a < «. In the
sequel, we will require:

1

< —
16d

. 1l o
a <min| -, —
4 2

—d(l —a)+2a < —2da

o

We define a local phase indicator as

. poif |ECr(x) — Bl <y, pef—1.1,...,
nx(s)::{p if 1E7(x)—pLl. <y, pef 0} 39)

0 otherwise.

where || - ||, is the sup norm, /3613 is the p-th minimizer of the mean field free energy
functional at 8 = ﬁ;"f and & “(x) is the empirical average of & over C*, the cube
of the partition D¢ which contains x:

E)y =) &) (3.10)

ieCt

We also define a phase indicator at scale £, ,,

S > R ¢ ¢
. M if = Yy : CF o~ CT
0,@) = nx(§) ny(S). p Vy:Cy p G.11)
0 otherwise.

¢ . . R,
Theset{y : C,"" ~ Cy""}is the set of cubes in D x-connected with C; ",

ie.:Cy"" MGy £,

By definition, for any p # ¢, the distance between any regions {x : ©,(5) =
as} and {x : ©,(5) = ay} is at least 2¢., ,,. The interspace between these regions
will be the support for the contours which we now define with respect to a con-
figurations § € Q. A similar definition will also hold with respect to a continuous
profile p € L>(R?, Sp).

Definition 3.1. A4 contourT" = (sp(I"), nr) for a configuration 5: in Q, is specified
by a couple (sp(I'), nr) where sp(") is one of the maximal connected component
of the subset {x : ©.(§) = 0} and nr is the coarse grained configuration on sp(I")
at scale Ey.,—: nr = {nx(g)}xesp(l")-

We now define the weight of these contours in the following way:
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We denote by |I'| = |sp(I")| the volume of the region sp(I"), and by Nr :=

'l the number of D'+~ -cubes in sp(I"). For any bounded contour (|I'| < c0),

1Co™ |
we denote by Ext(I") the (unique) unbounded connected component of sp(I")° and
by {Int;(I")}, i € I the collection of its bounded connected components.

For any set B C R?Y B C R, r € R, we define

8 [B] = {x € B : dist(x, BY) < r} (3.12)
8 [B] = {x € B : dist(x, B) < r) (3.13)

out

where dist(x, B) = infep dist(x, y) and dist(x, y) = sup, ;< Ixx — yxl-.

Now, for any point x in 85&” [sp(T")], ®, # 0 and its value is fixed by nr. We
define

AT = A1) = {x € 8y [sp(D)] 2 O, = a,);
A() = || 47 = 8,57 [sp(D)] (3.14)
q

1) = {i : Int;}(T)n 49 £ @;}; Intd(T) := |_| Int(T)  (3.15)

ieli(T)
We call I a “p-contour” if Ext(I") 1 A? = ¢ and define
c(I) := sp(I") Uies Int;(T) (3.16)
Let denote by E(T, p) the event that I" is a p-contour:
A 2 2 O,(E)=a; Y xedi(l')Vje{—1,1,...,
N, p)i= (& @) = nr Y esp(); O Cer e rieL L 0l)

and by E( I, p) the event that the phase p extends on sp(I") U A(T")
ECN, p)i=1{§: ©.(E) =a; Vx € sp(l)LA))
We then define the weight of a p-contour as the ratio:

. My,ﬁ,c(l‘)\]ntﬁ(l“)(g(r’ D)NE4r)

w) (T3 € 49) = & (3.17)
rp Ky g.eonine ) ECLs PIE47)
Let X7 be the set of “correct” p-configurations:
XP = (5 : 0,(5) = a; ¥x € RY) (3.18)

where, depending on the context, 5 will be either in € or in L>°(Z¢, So)



516 Gobron and Merola

Using an iteration procedure, the partition function with boundary conditions
in X' can be rewritten in terms of p-contours as:

Zﬁiﬂ’A(EAc) = Z Z l_[ wﬁ,ﬂ(r; gAﬁ)e_ﬂHy.A(gA‘}/\[) (319)

reBl Eyexf el

where I is a configuration of compatible p-contours and B}, is a the set of all
possible configurations of compatible p-contours with support inside A.

The expression (3.19) already shows some of the main differences we in-
counter here with respect to the classical Pirogov-Sinai theory at low temperature.

e The “ground configurations” X?, p = —1, 1, ..., Q are not fixed config-
urations, but ensemble of configurations. The study of these configurations
and of their perturbations is then more complicated and involve the study
of variational problem for a non local functional.

e The partition function cannot be express in terms of p-compatible contours
because it persists a weak interaction between contours

A similar situation appear in Refs. 10, 11, where Kac models are considered at
low temperature. For such models, the reference configurations cannot be chosen
as the ground states of the energy even at low temperatures, because the direct
interaction between two spin is too weak, an one needs to take into account the
local entropy. The partition function is then expressed in terms of interacting
contours.

Nevertheless the techniques developed in Refs. 10, 11, cannot be immediately
applied here, since they are based on a cluster expansion at low temperatures in
order to extend the classical PS theory to the case of weak interactions, giving a
result uniform in the range of the interaction.

Here, we will follow the extension of Pirogov-Sinai techniques to high tem-
peratures used in Refs. 22, 26 which also deal with perturbation of a mean-field
theory.

4. MAIN STEPS OF THE PROOF

In this section we state, postponing the proofs, the main steps that lead to the
proof of the Theorem 2.1.

A very preliminary step is an approximate factorization of the contours
weights (3.17), which relies on properties of the following mean-field free energy
functional defined on the functions in g € L*(A, Sp) as follows:

oo I | B
Fy p.a(0alonc) = Vy a(oalpac) — El(pA) 4.1
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where ppc € L(A€, Sp) defines the boundary conditions. The two functionals
V, a(Palpac) and I(p4) are respectively the energy and the entropy of gy,

- - 1 - -
Vo aBalin) = —3 /A fA 7, ) (Ba) - Fa())dxdy

—// Jy (X, Y)(Pa(x) - Pac(y))dxdy
A JAC

9
10 == [ 3 pna)n(on (0

q=1

These functionals come out naturally after a coarse graining procedure on
the scale €. In particular, we will prove the following.

Proposition 4.1. There exists a constant ¢ > 0 such that for all y > 0 and all
bounded D' -measurable regions A in R?,

< Bey?|A|

|log Z, p.a(Enc) + B inf £ 5.0 (Ba %)
A

This result together with a local stability result for the functional around its

minimizers allows us to set o (respectively p) on 49, § # p, in the expression
of the numerator (respectively denominator) of the left hand side of (3.17) at the
price of a small error and get the following bound:

Theorem 4.2. Thereare y, b and a constant ¢ such that for all y < 7 and all B
such that |8 — ﬂ;nf| < b:

VA0
5 > B, Intd (D)\ 44
wh ([3E ) < [] S —
)4
G#p y,ﬁ,lmfi(r)\Aé(p
y Zy pspr)(EW, P&, (07,4 # PY)

Zy s ECT, PNEas, (5, d # PY)

exp {—B14%1(o5 (61 — 5" (57))}

exp{cy?ITl}  (4.2)

Provided a good control on the ratios of partition functions in the first line
of (4.2), the factor in the second line will provide the Peierls bound, using a large
deviation result for the functional F,, g on sp(I") and paying again a price of order

exp{cy% [T"|}. This will finally lead to the the following Theorem:
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Theorem 4.3. There is y such that for any y < y there exists B.(y), such that
vg:

wl, (T3E4) < exp(—R, INcl) with &, =cy™|Chr|  (43)
with ¢y a constant depending only on d and O,

1
¢r =37 (@ =B >0 (44)

The proof of the Theorem 2.1 will follow immediately from the above, using
the well known Peierls argument that will be omitted here.
Now the main work is to obtain a good control on the ratios
74 (i
—;’f”A(_ A) (4.5)
Z " ﬁ,A(Pp )

Of course, whenever both p and g refer to ordered states, the ratio is equal to one by
symmetry (by permutation of the colors), and we need essentially to consider the
case when p or g equals —1. Here we need the Pirogov-Sinai theory and we follow
the Zahradnik’s approach. We introduce Q + 1 “abstract contour models” defined
on the product spaces: X” x B?. The partition function of the p-th abstract model
and the weights of the contours are defined recursively as:

ZhopaGa) =Y Y [ wim:g)e Prhatakiso 4.6)

QeBi EAEXI{’ rel
and
P . . p 2
WP(T';5) := min {wfbs’ﬂ([’;s), e 2V} 4.7
where &, is given by (4.3) and wfbs‘ﬂ(lﬂ; 5) is given by

wfbsyﬂ(F;EAﬁ) =

—BH, o5GaplS )7 q )
Z € rarenTar ln(Espm):nr 1_[ I”EA,; =44 Zabsﬂlnt‘l([‘)\A‘l(éAq)

£ eQ §#p
— E6pl5 1) q P (4.8)
s n
Z e ot Gorliar ln(éw) =a; l_[ Zabs,ﬁ,lntﬁ(r)\Aé(SA")
gGﬁEQG‘g q#p

where G? = sp(I") |_|q#p

We stress that the elements of a pair (é I') in an abstract model are totally
unrelated, in fact the configuration E is in X7 and therefore has no contours. The
sum ZEGﬁEQGﬁ appearing in the definition (4.8) enters only as definition of the
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weights, without any relation with the configurations § € X' of the abstract model
that we are considering.
For any bounded D% measurable region A and any 5, in L>(Z?, Sp), we

define the “dilute,” finite volume Gibbs measures on X f X Bf\ as,

A N N 1’/ X0 ~ > _ 2=
G O e I LN ST L )
abs,ﬂ,A(SA“) el

The following theorem states the relation between the true model and the
abstract ones. Its proof can be easily obtained by induction on the volume, but we
omit it here since it is a standard result in Pirogov Sinai theory.

Theorem 4.4. If for any p and any p-contour T the weights Wf (T £ ), defined
by (4.7), satisfy

WHr;5) < e 7N (4.10)
then

WH:S) = wh J(T35);  Zhy 5 AGa) = Z 5 Gac) (4.11)

Let denote by Pa’ZS, Ay, ﬂ@ A the “finite volume pressure” of the p-th abstract
model:

5 - 1 5 -
Pa!;s,A,y,ﬁ(gAn) = ,3|A| In Zfbs.ﬂ,A(gAc)

The following theorem characterizes the infinite volume limit of these
pressures.

Theorem 4.5. Let {A,} an increasing sequence of sets in R? of side 2"e, . For
each pin{—1,1, ..., Q}, there exists the limit:

p? = lim

: —1
TP o0 BIA,|

nPa’,’)S,An’yﬂ(ﬁg) (4.12)
which is continuous in B. Moreover there are constants cp, y such that for any
y < y there is a value of B, noted B.(y), with |,8;nf — BeW)| < cpy'/? such that
all the pressures are equal

pi i (4.13)

p
P abs. . 6.(v)

s.7.B:(y) =

The existence of the limits follows by general arguments for regular interac-
tions and the existence of a value of 8 at which they are equal follows, for y small
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enough, using a continuity argument and the fact that the mean field pressures are
crossing at 8 = B™. Fixing 8 = B.(y) (4.13) holds and the ratios:

Zst,/S,A(ﬁq)

i (4.14)
Zabs,ﬂ,A(pp)

converge to 1 in the limit | A| — oo but the control of the finite volume corrections
requires an extra analysis with respect to the standard low temperature case, where
the reference configurations are singletons. Here we use a partial cluster expansion
to sum over the contours using the measure (4.9} and write its marginal I’Lfbs, NEO)
on Xy . We characterize then the marginals 1} , using a generalized Dobrushin
argument.

Following Dobrushin, we introduce an interpolation Hamiltonian as follows.
Letu €0, 1] and :

hE(ErlEne) := uHy a(EnlEns) + (1 — 0)$H] 4 (E) (4.15)
where $? are the one body “mean field” Hamiltonians:

90 0@ = DS LG NE = 57 B+ Hya(BP157)  (4.16)

ieA j#i

We denote by ,uffbs, A (fi. | g ) the [finite volume] Gibbs measure with hamilto-

nian fzf(g ) on Xf and by Z;Es, p.A the associated partition function. The finite
volume pressures of the abstract model can be written in terms of correlations as:

, 1 . 1! NP -
PaI;s,y,A = BIA| In Z:bs,ﬁ,A;O - m/(; du <H1]i(%<.;\|p‘n) - ﬁﬁ(éj\)>~p

'u’abs,/\;u

(4.17)

The estimates for the finite volume corrections to the pressure will follow
essentially from the proof of exponential decay of correlations for the measures

I’Lfbs, A (g?i | § ), which is based mainly on the following two results:
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Theorem4.6. Foranyi € 7 there is a measurable set G? C X7 depending only
on {gi’ je€ CiL'y \ i}, such that there exists b(i, j) with the following properties:

b, j)>0; b@i,i)=0
sup D> b j<s<1 (4.18)

and for any g g € Gj,anyu € (0, 1),
bEEY WP (BIE o dist(E E
Rl i GilE). il 1 EilE)) < Z bi. j) dist(§ . § )
J

Y - - A - -7
where R(ufbs,i.u(&lg ), ufbs’i.u (&:1€)) is the Vaserstein distance associated to the
metric on the configuration space defined by:

> - 1
dist(§;, &) = 5 Y _16:() = &) (4.19)

We will prove that the theorem holds with G{’ defined as:
GP = (E e XV . E0D) ¢ xPyg) (4.20)
where we have denoted

gio =\ J#D (421)
u, j=i.

Gf.’3 is then the set of configurations 5 which belong to X?) independently of
the value of g?i and it is measurable on g,

Notice that when § , 5: " are not in G? , the probability measures for 5:1- have
support on a strict subset of € and the statement of the Theorem 4.6 would not
hold in general.

The other result that allows to prove exponential decay of the correlations is
a bound on the probability of the “bad set” of configurations, Gfa “

p pC o o 2apd
sup uf)  (GPIE ™) < e (4.22)
Erexh

¢ a positive constant and D = Cf"y.

Together with the exponential decay of correlations, we need also to have a
control on the contribution of the parts close to the boundary. This control follows
from the next theorem that, in words, states that well inside a “correct region” (i.e.
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® = ¢, g #0), the typical configurations become “very close” (i.e. on the small
scale £;) to the corresponding mean field value.

Theorem 4. 7 Let A a finite subset ond A:=40 80m [4], ftu(g/ﬂs/ic) as in

(7.3) and [ ,u,abs'/i s the measure on Xg associated hu (SA ISAC), then uniformly in
u:

nP . —cy/8|4|
Posia Lisi@yima) < € (4.23)
where

SE) = {i € AUSY, [4]: [EDWG) - 57, = y'/3)

Now collecting all these results, we get an estimate for the ratio of partition
functions of two abstract models, We then prove the following theorem:

Theorem 4.8. There is y, and a constant k| such that for any y < y, there is a

value of B, B.(y):

4 N mf.g
In Z*(‘bs) Be(y), A('O(H)eRVA

<y (4.24)

R

(
Zdbsﬂ(}/)A(p( ))e y.A

£.p . :
where R}";” are the mean-field finite volume corrections to the pressures,

R = DS e @ 77) (425)
o
Deriving a factorization theorem similar to Theorem 4.2 for the abstract contour
models leads then to a bound for the abstract weights as in Theorem 4.3 Hence,
using Theorem 4.4, we can identify abstract and true weights at temperature
B = B.(y) and in turn prove Theorem 4.3 which lead to our result.
In the next sections we will proceed by proving all results presented here,
but in a different order. Precisely we will postpone the proof of the Theorem 4.2
and start the analysis of the abstract models, their pressures and the uniqueness
of the associated measures. Finally we will prove the large deviation estimate
needed in 4.3. As a preliminary step we introduce the mean field functional whose
minimizers define the unperturbed states above which the Pirogov-Sinai analysis
is developed, and discuss its properties.
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5. COARSE GRAINING AND MEAN FIELD FUNCTIONAL

Let £ a large positive integer and D¢ a partition of R in cubes of size £. For all
x in R?, we denote by C¢ the cube of D* containing x. We define a coarse-grained
configuration on D¢ as follows: for each configuration 5 € Qandany x € R?, the
coarse-grained configuration (at scale £) is the Q-dimensional vector,

E'v) =071 E@) (5.26)

ieCt

where we make use of our notational conventions. The k" component &/ (x) is the
empirical density of color a; in C’. Due to the underlying discretization, &(x)
takes values in the finite set M g

0
MG = {(rl, ) (W) eNY = 1}

k=1

Let A a D‘-measurable subset of R?. The set of coarse-grained configurations in
A is denoted by Q4 and corresponds to the set of D‘-measurable functions on
A with values in M g. We extend the discrete set M, g to the simplex Sp in R?
defined in (2.5). Thus all coarse-grained configurations in QY are also elements
of L®(A, Sp). Conversely we will approximate any function in L*°(A, Sp) by a
coarse grained configuration. For any 5 € L™(A, Sp), we will denote by p* its
D*-measurable approximation

= [ oy (527)
for all x in A, and by [ ] the only function in Q4 such that
T, , 1
—5ga < Pl = o) = 57 (5.28)

for all £ and all x in A.
For A a finite D’-measurable region in R, we define the mean field free
energy functional on L*°(A, Sp) by,

oo oS |
Fy p.a(paloac) = Vy a(oaloac) — El(pA) (5.29)

where pac € L¥(A€, Sp) defines the boundary conditions. The two function-
als 7, a(Palpac) and I(pa) are respectively the energy and the entropy of
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configuration gy,
. 1 . o
a@alin) = =5 [ [ 40000 Ba)drdy
AJa

~ [ [ 35 pactr)anay
Y
10 == [ 3 pna)non g 0x=: = [ ae)- st
q=1

For all A C €2, we define the constrained partition function Z, g, A(A|§ AC)

Zy,/s,A(.A@Ar) = Z e PHyaCalin)
gAEA

We now state a theorem relating constrained partition functions and mean field
free energy:

Theorem 5.1.  There exists a constant ¢ > 0 such thatforally > 0, £ € (1, y~")
and all bounded D*-measurable region A of RY, the following inequalities hold.:
For all subsets A of QX
I Zy .0 (Ex € AYEn) + B Inf, Fypa(BalES) < Bee(y, OIA]
and for all py € L¥(A, Sp),
InZy pa((En 2 £ = [Ba1VEn) + BFypa(Palése) = —Bee(y. DIA]

where

In¢
€. =vt+ -7

Proof: We first estimate the difference between the energy H,, A(§ A |§ Ac) and its

coarse-grained approximation V,,, A(é’ If|§ ff) Given two cubes C| and C; of the
partition D¢, for any two points i € C; and j € C,, we have

1
G ) = 7 /C vy dxdyl < VAV T llooy ™ lycr,c2)2p 1
1 XC2

where d(C1, C2) = infycc, yec, Ix — VI
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Hence

|Hy a(Ealén) — Vya (ESIEL)]

=Y | Y A h@-EBO - [ heEe - Eo)
CeDy |ieCinZ? C1xC,
CzEDl jEszZd

=Y Y (-

CieDt |ieC,nzd Cix
CeDt |jeCnz?

< 2VdIVT ooy ™' Y 1CHIColutc oz
Cl,CZ

. Jy(x,y) dx dy)gA(i) Er())

< cayl|A]
where c, is a constant independent on y, £ < y~! and A
ca =23Vd|IVT |l (5.30)
Thus for any profile g, in Qf\, we have

Zy pa(En s EL = BadlEno)

In =22 on)
[{Ea = &5 = padle PTraloalire)

< cqyl|A]

The cardinality of {5 A 5 f; = pa} can be related to the entropy of p,. The error
bounds for the Stirling formula

1 - In(N!) -
12N +1 7 N(In(N) — 1)+ In(+/27 N) ~— 12N

lead to the following estimate

(5.31)

oL, } log ¢
|01 £ &4 = Andl = 1(Bw)| < dQIAI= -

which implies

log ¢
< BeaytIAl + Qd|A| -

In Zy,B,A({gA : g[f = pa}lEnc) + ﬁFy,ﬁ,A(ﬁA|§1€f)

Now an easy upper bound for the cardinality of Qf gives for all A C Q§

[A]

In|Al < QY| < Qde—dlogﬁ
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where |.A| denotes the cardinality of the set .A. Combining these two last inequal-
ities gives the first part of Theorem 5.1 with ¢ = max(cy, Z—ﬂ%). On the other side,
forall p € L*(A, Sp), one has

log Zy s a(EX = [ 141Eac) = —BFy g a([BIIEL) — ce(y, OIA]
Now using

Vy a(BalEL) = Vy A(BLIELO] < caylIA|

and the concavity of the entropy, one gets

Fy pa(BalEx0) = Fy pa(BAIEA) — cay CIA]
Furthermore, approximating 5/ by [da ]* gives

F A > F = el —d m
y,ﬁ,A(pAlsAc) = y.ﬂ,A([IOA] |‘§A6) 0 0d

we thus get:

log Zy p (€L =[5 1Ere) = —BFy p.a(BalEf) — Bee(y, O)|A|

which gives the second part of the theorem with the same constant as before. O
We will use Theorem 5.1 mostly in the following weaker form:

Corollary 5.2. There exists a constant ¢ > 0 such that for all y > 0, € an integer
in (1, y 1) and all bounded D*-measurable regions A in R?,

log Zy g a(Enc) + B inf Fypa(PalEL)| < Bee(y, OIA]
A

Theorem 5.1 leads also to the Lebowitz-Penrose limit for the Potts model

Theorem 5.3. [Lebowitz-Penrose] There exists the limit

where Pg‘f is the mean field pressure.

Proof: The free energy functional on L*(A, Sp) with boundary conditions g«
can be rewritten as

oo I 1 .
Fy g.a(Pnalpac) = Fy p.a(palpac) — 3 / / J, (x, Y pac()Pdxdy
A J A€
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where

Fopa@alin) = [ 0" Gandr +5 [ [ 56,0058 = ia)Pndy
i3 [ nw o - purardy

with ¢5 (V) the mean field free energy density on Sp := {U € RS, Y  Pg =1}

Pp (V) = %(5 - 0) — %5 - In(v)

(see (A.2)).
We have clearly
inf  F oalPac) > inf mf 5 d
PAEL™(A.Sg) y’ﬂ'A(IoA'pA )z ﬁAeL*(A,SQ)/A ¢ﬂ (pa(x))dx

which gives a lower bound for the free energy as

inf F oalpac) > —P™MIAl —cy'OA
i 5 y.8.A(OAlpAc) = —Pg  |A] — cy T |OA]

with

P™ = — inf o™ @ 5.32
B GIBSQ of (V) ( )

From 5.1 with £ = y*%, one gets

log Z, g.a f —1/2 _119A]
— LB < PPt ce(y.y T D) +y T ——
BIA| 4 Al
and hence
log Z
lim sup limsupM < Pg‘f

y—0 A SRY IB|A|

where the limit lim sup, -« is taken on a sequence of Van Hove subsets of R4, On
the other side, writing (5.32) for pp = pP1,, where p? is an absolute minimizer
of ¢, we get

Fy p A(B*1a1Bac) < Fypa(p*1alfac) < — PR A] +cy ' OA]
From the second inequality in 5.1 one gets

IOgZVﬁA f |8A|
BA S pmf _ e(y. 12 -1
pial = p ey IE Y
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and finally

log Z
lim inf lim inf —2.27-AA

mf
p = P
y—=>0 AR ,3|A|

6. ANALYSIS OF THE ABSTRACT CONTOUR MODELS: EQUALITY
OF THE PRESSURES

In this section and in the following, we will analyse the abstract contour
models. A preliminary technical step is a partial cluster expansion of the contour
contribution to the partition function against fixed configurations.

A Partial Cluster Expansion

From a technical point of view the we will take advantage of dealing with
truncated weights (4.7) and make a partial cluster expansion of the contours
against fixed configurations, getting in this way a partition function with an extra
interaction, an “effetive hamiltonian” 'Hf’ A» with infinite range but exponentially
decaying.

D WL E) = el (6.1)
EEBK
A precise statement is given in the following theorem:
Theorem 6.1.  If the weights W?(T", g? ) satisfy the Peierls bounds with a constant

R, large enough then, for any bounded, D -measurable region A and any
EeX?

- - A A 2 _ EEe 71_7!3 El|Ere
Z:bs,ﬁ,A(é-Ac) — Z Z W;(Eaaé/)e BHy AL 1Exc) — Z e PH AGAIEA)

EeBﬁ g’eX}f %/exf
(6.2)
I:[;fA(gz/\EA“) = Hy A Er) + Hf,,\(gl/\) (6.3)
H)Ij,A(g) = Z Uf(‘g) (6.4)

ACA
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and satisfy:
Uf =0 if A is not connected (6.5)
PN Ry
BY IUREN <e (6.6)
A>sx
B =3l TN vACRY 6.7)
Asx,ANA#)

where Ny 4 is the minimal number of Dt+r-cubes needed to cover the distance
between x and the set A: let A a D' -measurable region and N the number of
Db -cubes in A

Net 1= min{Na © AT U8 [C) # 9,
AM(AUSL A # 93T : sp, (T) = A} (6.8)

out

where C, is a D' -cube containing the point x.

The proof of the Theorem 6.1 is standard and is given in appendix F. We
notice that N, 4 in (6.7)—(6.8) is s.t. there is a constant £, s.t.:

dist(x, 4
Ny > max {3d,k—ls x )} (6.9)
£+J’
The Gibbs measures relative to Flﬁ A(é‘ A |§ Ac):
A, o~ BA AGnlEre)
~p .
/'Labs,A(EA |§A5) = (610)

Zas.p.n € 5)

are the marginals on X'? of the measures /"Lapbs, A(g?, £|§ AC).

In the remaining part of this section and in the next one, we will only consider
the two abstract models for p = %1 since all the others can be deduced from p = 1
by symmetry, and write a superscript + instead of p to distinguish them. We denote

by

- 1 -
+ . +
Pabs,A,y,ﬂ(éA(») = ﬂlAl ln Zabs,ﬁ,A(é_Ag)

the “finite volume pressures” of the two abstract models.
The proof of Theorem 4.8 requires the proof of the following theorem to
control the bulk contribution to the ratio in (4.24):
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Theorem 6.2. Let {A,} a sequence of sets in R? of side 2" ,,. There exist the
two limits:

+ .
Prosyp = nlirgloﬂ|A |lnPbsAyﬁ( ) (6.11)
that are continuous in B, moreover there are constants cp, v S.t. for any y <y
there is a value of B, B.(y), s.t.

— f 1/2
P:];s viBe(y) — Pabs v.Be(r) |.32n =Bl < cpy / (6.12)

The proof is obtained by a continuity argument, and it is based on the follow-
ing mean field result: there exists an inverse temperature 8™ such that the mean
field free energy density satisfies:

¢ﬁ;“f(5;gnf) = ¢ﬁ;hf(,5ﬂ_;nf) = gélsfg Bpmi () (6.13)
and
mf mf —
i < on ) - 03] L:w 0 (6.14)

This result is well known (see Ref. 30) and for completeness it is also shown in
appendix A.

Proof of Theorem 4.5: The proof of existence of the two pressures Pabs ¥, £ey)
and their continuity in 8 is given in Appendix C, while the proof of (4.13) is an
immediate consequence the following lemma.

Lemma 6.3. There are constants k and y such that for any y < y and for any B
such that |p — ™| < y2:

|PE, 5+ O (5 >|<ﬁy (6.15)
that implies:
o mf, = K
Pdos = Py — @G0 G N < 250" (616)
(6.16), (6.14), (6.13), and the continuity in 8 of the pressures prove (4.13)
and complete the proof of the Theorem 4.5. O

Proof of Lemma 6.3: The proof of (6.15) could be obtained as a byproduct of
a more detailed analysis contained in the next section but since a direct proof is
quite shorter we sketch it here. We first prove an upper bound for P, abs VB

1
+ + ~+
Pabs v.8 nll)ngo ,8|An| ln Zabs,ﬂ,A(pﬁ )
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and denoting by Zg_ , \(55) the abstract partition function with interactions
Hy a(5Al6nc), we get:

1 N
+ : +
Pabs,y,ﬂ = ,,1520 Bl A, In Zabs,ﬂ,A

(B5)+ sup Y |USE)

E€X* A:AS0
By (6.6) the last term is bounded as e % and by Theorem 5.1 we have:

Fy, ,A,,(,5|,5i)
PE < —lim inf 2T lTA v
abs,y,B n—00 GeXy, BlAL|

we postpone at the end of this section the proof of the following bound that follows
by the concavity of the entropy:

1
+ 1/2 . :
P <cgy = — lim inf
abs,y, — n—00 jeXn, |Anl A,

¢p(Jy * (PLa, + By 1ag))dr  (6.17)

where 1, := 1yc4y. Let

) . 1
Jl/ (x, J/) = m /ZVECli.y Jy(.x, Z)

where Cﬁ”y is the cube of the partition D%~ containing the point y. Then for any
5e Xt

IJ, %5(r) — p¥ll, <

f J 0 G - 5

*

T / D )y = (G — 55

*

By the assumptions on J, (see (2.2)) the second term is bounded as:

< K3V£—,y = K3ya

H f [, ) = T, POIGE) — 575)

*

while the first term, since 5 € X'+ and J“)(r, ') is constant w.r.t. the second
variable in each cube of D-:

<y

[ S NG - )

*
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going back to (6.17) we have:

Pi

ey p < v — inf 6 (6.18)

5 =A%l <y*+r3p®

In Appendix A, it is shown that infs @gm(5) = ¢ﬁ£nf(5génl~), for any g €
{—1,1,... Q}. By continuity for |8 — ﬂf‘f| < y2@ y small enough #p(5) has
O + 1 local minima [)g s.t. |,5g — ,ng,f| < c|B — B™| < cy?. The are respec-
tively the absolute minimizers in the sets |5 — g%, < y¢ + k3y*. We then get:

Pioyp < cv'? —dp(55) (6.19)

We now prove a lower bound for the pressures. By Theorem 5.1 with £ = ¢,

we have for any s € Xj :

- >4
+ . Fﬂqy,l\n(p(n”pﬂ) 12

Pb hm _—
wsrp = 0T Bl

and for y small enough the same argument as before shows that pﬂil A, € X,i.
We then get:

Pioyp = —cv'? = dp(57) (6.20)
O
Proof of (6.17):

Fpy0,(B185) = Fpy(Bla, + B51as) — Fpo (B 1a;)

- / L Pp(seirn, rai1g))dr
A, L8

out [An]

1
/3 [1 (24510, +575105)) — Jy * L(P1n, +55 10c) |dr
AUl A
_ /771 . ]qbﬂ (45 100))dr
1
] [1(riitng) = Jy % L(551,0)|dr

out /7

where we have used the fact that qb,g (0) = 1(0) = 0. By concavity of /() the second
term is non negative and since |@g(5)| is bounded in 5 € Sy we have:

RN -1
Fy.0,(B105) 2/ G (s, 4B1n, 55 109))dr — cl8hy [AL]]

n
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7. ANALYSIS OF THE ABSTRACT CONTOUR MODELS: FINITE
VOLUME CORRECTIONS TO THE PRESSURES

At the critical value of inverse temperature 8.(y), the Theorem 4.5 holds, and
the bulk term of the ratios (4.14) is null. In this case, in order to get estimates on
Peierls weights, we need a precise control on the finite volume corrections R:Es A

to the thermodynamical pressure P

absy
Ribs
+ + . abs,
Rabs,A : logZabqﬁA(p( )) — BIAIP, absy All/IIZld N =0

Let A a D) bounded region and denoted by P, abs ,.a the “finite volume
pressure”:

+
PabsyA _anabqﬁA(

we prove the following theorem:

Theorem 7.1. There is a constant ¢ > 0 so that

ﬁ .
PiSVA ﬁ|A| absy 5 ZJy(le)(Pi',Oi)
jéhe

< ey'818i [A]] (1.1)

Notice that the leading contribution to RabS  1s the finite volume correction
to the mean field pressure (with boundary conditions p*)

Ry =2 5 D NG ) (7.2)

ieA
JeAC

The proof of Theorem 7.1 is the outcome of two main estimates: the first one
is a bound on the decay of correlations and the second step is a small deviation
estimate inside “correct regions” to control the contribution coming from regions
near the boundary.

Dobrushin Interpolations

In this section we refer to the models with interpolating hamiltonians (4.15)

hEE) == uB*E155) + (1 — wHEE) (7.3)

where T are the one body “mean field” Hamiltonians, defined in (4.16).
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For any u € [0, 1] we denote by Z;‘Ls. p.A the partition function relative to
the hamiltonian ﬁui(g ). In particular, Z;is, g.a0 corresponds to the interpolating
one-body hamiltonian S“jf A(E: )in (4.16).

We recall also the expression of the [finite Volume] pressure P bs s (417))
in terms of correlation functions w.r.t. the measures ,uab& At

1
+ . + -4
Pabs,y,A - = ,8|A| In Zabs,ﬁ./\;](p )

1 1 ! 2 2 2
= G ™ Zino = T /O du (A5 - 95GEL)

Habs, Asu
(7.4)
and prove the following proposition:
Proposition 7.2.  There exist g, ; n, gy : 29 — R:
ERGREERGY BN (7.5)
ieA
Ah}gd 8y.ih = &y.i (7.6)
Proof:
HYEnI6™) = 95En) = 5 D08, Y (i )0 +Hy 4 (En)
ieA JeEA
J#i
Recalling (6.4):
Ha@) =) UsE) =) > WUA &)
ACA ieA ACA
Asi
and defining:
grin(®) == as > G ), + Z Al Ux®) (7.7)
JEA: A3i
J#i ACA

we can write:

Hy(Ealp™) — 95CE) =) gy ®)

ieA
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Recalling (6.6), the limit (7.6) exists:

llm gyzA(E)— ——55 > Jy(i, ))SE; + E |Ui(5) 1 g,.i6) (78)
JijFi Asi
O

Postponing the proof of the existence of the limit of the Gibbs measure
/li,s, Ay When A 7 R? and denoting it by ,&iw, the limit of (4.17) gives:

1
Paibs y = Pafs y,0 A du <g}”0>ﬂaibsm (79)

and (4.17) can be rewritten as:

P = p:

1 +
abs,y, A abs,y + [m In Zabs,ﬁ,A;O - P,

+
abs,y,0

1 1
- /(; du [|A| Z<gyvi'A>/2i)s.A;u - <gy’0>/)'ﬂib5¢“:|

ieA

The finite volume corrections are then given by:

R:f)s A — abs A0 ,3/ du gl’qi,A)ﬂist;u - <gy,i>/laibsm:| (710)
ieA

where

+
RabsAO anabs/SAO ﬂlA' absyO
In Appendix D it is proven that:
+ f,+
Rips a0 = Rm (7.11)

and then the proof of the Theorem 7.1 follows by estimating the remaining terms
in (7.10). In the next subsections we will prove that there are positive constants
¢, o such that:

1)

< ¢ v disti.A) (7.12)

Habsu | —

(gyl)

(8.0

£
Habs, Asu

2)

Z H(gy,i),ziw

IE(Sm v [A]

+ (il |} = v oAl 713)

Mabs Asu
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The proof of (7.12) and the existence of the limit of ﬂis, Aw When A/
R? follow by the proof of the exponential decay of correlations given in next
subsection, while the estimate (7.13) follows from the small deviation estimates
proved in the last subsection.

Proof of Theorem 7.1:  Collecting (7.10), (7.11), (7.12), (7.13) and using the last
one for estimating the contribution to the correction coming from the boundary
and (7.12) for estimating the contribution to the corrections coming from the
volume inside, we get (7.1). Details are omitted.

O

7.1. Decay of the Correlations
In order to prove (7.12) we state the following Theorem:

Theorem 7.3. There are ¢ and w positive so that for u € (0, 1) and for any
bounded sets A and A, A D -measurable, and any § € XD thereisa coupling

0. ofﬂ;fs)’[\;u(lg_‘) and /lfig);ut) such that
Qu(En # 1) < c|Ale™ @7 dsa:A) (7.14)
It follows that:

Corollary 7.4. For any u € [0, 1] there is a unique DLR measure ,&is;u with
hamiltonian h¥ and for any local function f with support in A:

i, = s

and, for any A T A, there are positive constants c, w:

(f) — (f>ﬂfbs;u <c|A| su;A){f(x)} o~y dist(A,A°)

~
Habs, Asu

Corollary 7.4 applied to our case, proves inequality (7.12).

Proof: The proof of Theorem 7.3 requires an extension of the Dobrushin high
temperature uniqueness Theorem. In Ref. 3, the Dobrushin uniqueness criterium
is extended to the case when the “classical Dobrushin condition” is not satisfied
uniformly in the boundary conditions, but only for “most of the configurations”.
This is the case for the abstract contour models, where, due to the constrain
on the space of the configurations X'*, the Vasenstein distance between two
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Gibbs measures on a single spin, with different boundary conditions is not small
uniformly in all the boundary conditions.

In Ref. 3 it is shown that, provided two main assumptions are verified, the
Dobrushin criterium can be extended to cover such a case. A further assumption
provides an exponential decay for the correlations. Two other assumptions trivially
hold in our case and are not reported here. We refer to Ref. 3 and the Theorem 7.3
will be proved through the demonstration that the two abstract models ﬁgfs);u (d€")
fulfill the requirements of the extended Dobrushin criteron.

7.1.1. First Requirement

First, we need to prove that for any i € Z¢ there is a measurable set Gf C
X* depending only on {gj, je Cf ~7\ i}, such that there exists b(i, j) with the
following properties:

b(i, j)=0; b@i,i)=0
sup » b, j) <8 <1 (7.15)

iezd .
jeC; ™"

R(Hs 1 G 1E): M1 GIE D) = D DG j) dist(E ,E) forany € € G,
J

where dist(g‘_ i é }) is a distance defined on the configuration space and the asso-

ciated Vaserstein distance is denoted by R(uis’i;u & |§), M;ﬁ,&i;u(é |§)). Here, we
consider the following distance between configurations:

> - 1
dist(§;, &) = 5 Y _16:() = &) (7.16)

and define G; as:
GE = (E e XD : 00 ¢ xBvy) (7.17)
where we have denoted
20, & A
g = o ST (7.18)
U, j=i.

Remark: Gii is the set of configurations § which belong to X&) independently of
the value of 5,- and is measurable on §, When § , § " are not in Gii, the probability

measures for §,~, have support on a strict subset of €2 and the Vaserstein distance
can be larger than the bound in (4.18).
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Theorem 7.5. There are y, ¢, so that for y < y, and forany B : |B — ﬁc',“f| <
%% 2, there exists b(i, j) satisfying the relations (4.18) with G; as in (4.20). b(i, j)
has the expression:

b, j) =1 [ )+ 30 ]

wherer < 1, and N; ; as in (6.8) and satisfying the bound (6.9).

Proof: The Vaserstein distance between the two measures u,-(z:,» |§1), M,»(Ei |§2) is
defined as

R(ui(Eil&1). i Eil82) = inf En(dist(&i. &)

where the infimum is taken over all couplings between ui(§i|§1), ui(§i|§2). Re-
calling (4.19), the infimum is realized on the couplings which have the maximal
mass on the diagonal

(E = & = ily) = min{p;(iiy |£1), 11 (iy|E2))
Let IT be such a coupling for sapsizu(E:[€1). sabs.izu(E: E2). We have:
R(Wabs izu(Ei181)s tabs, i (Ei1E2)) = En(dist(E:, &) = LI(& # &)

=1- Zmin{ﬂabs,i;u(ﬁq|§l)a /’Labs,i;u(ﬁq|§2)}
q

1 L o .
- E Z(Mabs,i;u(”q 1&1) + Mabs,i;u(”q 1&2)
q
—2 Min{ s 10 (g |81)s fhabs iz (ilg |E2)))
1 . IR
= 5 D Itabs g 161) = tas,isu(ilg |E2)|
q

Since § and é’ "are in G;, the constraint of being in X'* does not affect the

values of &, and the conditional measures Mi}s,i;u('|§) are given by the Gibbs
conditional measures. Using (6.10), we get,

eﬂkqi:u (g) eﬁkqi:u (g)

o KEYE - K E
szl et ® Zle et ©)

. .., 1
R(M;tbs,i;u(si 1), “is,i;u@i@ ) = 3 Z

q

1 Sy 2y 2
=3 2 g (K@) — g (K ()|
q
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where g(+) is defined in (A.12) and l;l.i‘“(g )= k- ”(S ) is the vector

1oz 3oz Ty 2(0.q) 2 W

€)== uly ;i) + (1 =)L, (5551 —u Y _(H*E ™) = H*E,))ily

q
=uY G )E+A—w)) S )T —ud Y UrE i,
J# J#i q Asi
Using (6.6), we have:

lim sup IF*(§) — 7% < lim (cy +y QuUi()noo) =0 (719

éeG A>3i

Hence, for y small enough, we can use Theorem A.3 and get

- o N 1 1 2 nds
+ + § : +u +u
R(Mabs,i;u(gi |§)’ Mabs,i;u(éi |§ )) = 5 (1 - 2Q> . |kq (g) - kq (g )|
On the other hand, we have the following bound for all A > x

UXES) = URE ) < 20U Ollw Y, distE . &)

JEAN

and thus

Zv«i”(s) kEN =2 [ud G+ Y OIUZOl | distE . E)

JF#i A3i,j
(7.20)
Recalling (6.7) we bound the last term in (7.20) as:
Y UEO e = Y e TN < 3o (M < 3TNy (721

A3i,j A3i,j

Since &, = cy ~(1-0d+2a,

lim 3 QIUZ Ol =0

Asz J

Hence, we take for all u,

1 Ry
b(i, j) := (1 _ E) (uJy(i,j) + 3"e—TNw') (1.22)
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We have
lim su b(i,j)=0 7.23
fim sup D G- )) (7.23)
JeC TN
so that (4.18) holds for all y small enough. |

7.1.2. Second Requirement

We need now a bound on the probability of G, where G is defined in
(4.20). Here we deal with a bounded state space and the required bound may be
written as:

+ bt _,2apd
sup ply) p (GEET) < ey (7.24)
é*GXi

¢ apositive constantand D = Cf ~7. The proof of (7.24) requires a Peierls estimate
inside the restricted set X*. Let ¢’ > 0, we define the “bad” set

Af = {E € X9 IECD@) — 5L > (1= 2y
Notice that for any ¢’ > 0 and y small enough, we have for all i
G* C AF
so that Af does not depend on 5,-, and we have

+ +c,2 + +,=
sup ) p (GEEY) < sup oyl (AFIE™)
g*e‘)(i f*EXi

Let

/ drdr'J,(r,rpp(r) - pp(r’) — (1 — u)/ drpp(r) - p*
DxD b

o

FJ/,D,u = —
R B i}
- f drd,(r. P B - B () + / drn(r) - n fo(r)
Dx D¢ B Jp

The proof of the bound (7.24) is thus based on the following proposition whose
proof'is given at the end of subsection 7.2:
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Proposition 7.6. There is a constant ¢ > 0 so that for all y small enough, any
x:

sup 10 faps,p.u(AFIE )

Erex®
<— inf _inf Fy.p.u(Pplppe) — inf Fy pu(pplppe)
Ppe €X e ppEX), ppEX]
[81 ) =p*|>(1-¢)¢
12 pd
+cy L, (7.25)

where, by an abuse of notation, we have denoted by the same symbol X'+, the
restricted ensemble:

xs = {5 e L%®, S0) 1 15"0) - ¥l = v*, Wr e R} (1.26)

and denote by Xf the above expression (7.26) when the constrain is imposed on
A, with A T R?, a D »)-measurable set.

Proof: Using a result similar to Theorem 5.1 but with a slightly different func-
tional, one gets for all £* € X&)

In Mabs,D,u(Ailg *) =In Zabs.D.u(-Ailg *) —1In Zabs,D,u(é: *)

< inf Fypu(PplE @) = inf F, p(BolE ) +cy el DI

PpeXE, PDEX]
|6 =55 = (1-')¢

. . P . P 1/2 pd
S_ﬂ lnfi . lnfi Fy.D.M(lepD‘)_ . lnfi Fy,D,u(pD|pDC) +C)/ / g—,y
Ppe€X e PDEX ], PDEX]
|67 -5 (1-')¢

O

We need now an estimate for the right hand side of the previous equation. We
define:

oo . . 1. )
FB»D,u(prD“) = _/ dr (Elt(”» Ppe) - Pp — EpD -In ,OD)
D

where £4(r, Bpe) is the external field:
LY, poe) i= (1 — u)p™ + u/ J, (r, 7 ppe(r)dr' (7.27)
DL‘

Since Ff’ﬂ,D(ﬁDch) differs from F, g p(pplppe) by the self interaction
energy, which is bounded proportionally to | D|?, there is a constant ¢’ > 0 such
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that:
\Fy.p.u(PplBDe) = Fy p (PPl < 'uy| D (7.28)

F}? p(PplPpe) is a convex functional on L*(D, Sp), and has thus a unique
minimizer that we denote by p *(r; pp:) = p *(r), whose components are given

by:
oPLUCBpe)

Y, ePLi ) (7.29)

Pk*(’" )=
We need to evaluate the difference:

FB,D,u(ﬁDLaD“) - F;?,D,u(ﬁgmm)
= [ ar (<o) £ o)+ 50 i)
= (=850 £ ) + 33500 W50 )
Using (7.29), we write Lv (r, ppe) in terms of p * and get:

or(r")
pE(r")

0
. I ,
P o Bolf) = Pl (5510) = / 'S i) n (7.30)
D k=1

Thus by the Kullback-Leibler inequality, one gets
- o . 1 - -
P 0l = P (5150) = 35 / dr'\Fn() — BEG)P
D
We claim that there is € > 0 such that, for any gpe and for y > 0 small enough,
6% =5l <1 —ep” (7.31)
Using Cauchy-Schwartz inequality, we thus get (taking ¢’ < €):
0 = > 0 g 1 id 1 N2 .,2a
Fy,D,u(pD|pr) - Fy,D,u(pD |ope) > ﬁ|D|(6 &)y (7.32)

Postponing the proof of (7.31), we get the following bound by using proposition
7.6 together with (7.28) and (7.32):

sup In //Labs,D,u(Afg *)
EreX@®

1 / a /
< exp {— (ﬁIDI(E — Py —c Vd|D|2) + cy1/2€‘i,d}

1
— eXp {_ (ﬁ(e _ g./)2y2u _ c/ydol +cy1/2> gd,d}



First-Order Phase Transition in Potts Models with Finite-Range Interactions 543

The bound (7.24) is then proven for our abstract models. We now turn to the proof
of (7.31):
In order to prove (7.31), we show that there is b € (0, 1):

lp(r) — pif| < BILY() — piE]| (7.33)

while ||E”(r) — pE|l. is small and close enough to y“.
We first prove that | L} (r) — ,oki| is small enough. We define

(. / 1 " "
J. (,(r)):: [J(r,r)dr
Y |CLV| Y

For y small enough, by hypothesis on J (see (2.2))
[y = I )] S VANV T oy ™ 1y (1.34)
Then, for any p € L“(Rd, So), there is a constant ¢; = 2"«/2||Vj||00
|y %5 — 17 % 5| < cavl, =car®

Using the fact that ppc € X Dic, we write:

|20y = 5% = u

/ Iy, ey —
N

A

H/ (J, (1) — J;g”y)(r, ")) ppe(r')dr’
e

+

/Jﬁ*”(rr)(p,y(r)— =)dr’

H (r rpEdr

<y +yi ey
with ¢/, = || 7 ||oo- Recalling (7.29), we have
|6y = 57| = &L ) — &) (7.35)
Applying Theorem A.3, we get

N >, 1 /o
1550y — 5% < (1 - @)(ya oy + )

1 1 1
=15~ (g7~ (1= g ) +)

<y‘(1—e)
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for y small enough and ¢ < «, takinge =1 — i.
7.1.3. Third Requirement

Let
B(n) := {m € (€_,Z)" : dist(Cy ™", C ") <y ")

there is i : (€, Z)? x (€ ,Z)" — Rt sit. forany ', E2 1 E1(j) = E2(j) Vj €
[Z4 1 B(n)] \ i, it holds that:

2(1 22 ~ . 2(1) 22
Re,(cCIED, ne,CIEEN = Y FandistELLED)  (7.36)
me(t_, ZY\B(n)

sup Y o < 1 (7.37)

" m¢B(n)

This is a condition on the tail of the interaction, which in our case is satisfied
because of the exponential decay of the interaction 4 due to the Peierls estimates.

7.1.4. Fourth Requirement
Letr(n,m): (€—,Z)* x (¢—,Z)! — R* defined as follows:

0 ifm=n
r(n,m):= {7 ifm ¢ B(n)
7 ifm e Bn)\n

nm

where:
Sk L Z Z k - —cy2apd d Z Z k Ly
rnm T Su[p bCL'V (Za .]) + 26 4 v (E_,V + bCL‘V (la l ))
(_ n n
jeCn iecﬁf.y k>0 i,i'ecﬁ*” k>0
with

bere (i, J) = b, liec,

and b’; ., (i, j) is the k-th convolution of b ot (i, j). Assumption 4 then states:

sup» r(n.m)<8 0<s<1 (7.38)

n m
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7.1.5. Fifth Requirement
There is a constant b > 0 such that for all » € (E,,yZ)d,

> e mye T < 1 (7.39)
m#n

7.1.6. Conclusion of Subsection (7.1)

We have proved that the two abstract models fulfill the requirements of the
extended Dobrusin criterion of Ref. 3, which imply uniqueness of the measures.
Moreover, 5 holds and implies exponential decay of correlations for the measures
ﬁis’u. Hence Theorem 7.3 and Corollary 7.4 are proven. O

7.2. Small Deviation Estimates
In this subsection we prove the estimate (7.13)
f ' Y Mgy adas |+ 1gyandes 1} < ey 15 [A]
0 icd
Let 4 := Siln” [A] and define the set Si(g) as:
S¥E) =i € 41§D = 5*]l. = ¥ (7.40)
where
A= A06Y, [A] (7.41)
We first prove the following bound:

1
| et Herandi, ) (7.42)
0 | .

ied
1
=3 / du [(1|Si|zy1/*|A\);1:bs.,( + (llSiIZV”*IAQ;Ij,M_”] +c(y'?14] + y'/®14])
; , "

where
we have denoted by J, the normalization constant of the interaction kernel
J, on Z:

3y =Y 50.)) }133) 3, =1 (7.43)
Jjezd
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Proof of (7.42): We recall the definition of gy,,-,A(é’) (7.7) and g, ;(€) (7.8):

gyin(€) = ——as DG E + Y — L UEE)

|Al
JEA A>i
J#i ACA

. £ o —_— 1 . P —_— e — — :t
gri(®) = lim g..a(6) = 5% ; Jy (i, )8 + AZ A U®
By (6.6),
1 > _
Z WUX(S) <e
A>i
Hence, we have:

> 1 - -
D lgi @) = 5 D188 Y S )68 | + ey ol

iced iceA J#i

IA

A ()]
DD IO HISE L+ ey 4

icA ]E/j
~ = (Lo)
<3y D_NSE; "Il + ey 214
jed
< I ISEE) + c(y P14l + ¥ 81 4))

where we have defined

S, () = CKO ZJ(z J)

]EC

and used that by definition (7.40), ||8%j ll. < y'forall j ¢ S. A similar estimate
for g, ; » holds and (7.42) follows. O
Since the two terms in the integral in the right hand side of (7.42) are very
similar, we give the derivation of an estimate for the first term only. We prove the

following
(e sy spaps, < e M (7.44)

Proof of (7.44):
Let

A= AUs 4]

out
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(U515 416 F L acanizs Ui(g)@fie)

7.45
(e” ﬂZAAnAyéqﬁUA(E)lg ) >~i ( )

abs;u

1 _ MabsAu
Mgty ma)pz, =
abs Au

where [L;s. i is the measure on X;ib associated to the finite range interpolating
Hamiltonian ﬁui(g? 3 |§ 3e)

b €16 = uH, E51E50) + (1= w9 @)

Recalling (6.6), we get:
4 N . _ Ry
A 2
Mseizprspadas,, = (0 sz alE i) s X eflle (7.46)
we write
zE L (STIEs)
N b abs, B, A;u A°
M:;S;A?,M(I‘Si‘zyl/s‘/ql|E(‘i5) = ,\f—-. (7.47)
abs,ﬁ,/i;u(EA“)
where

+ _ —BhEE1E0)
2 p i STER) = D7 Vs e P
g/ger

2 g X et

E/;EX/ii

Now the partition function 7% (S* |§ ;¢) can be estimated using an approxi-

abs, B, Asu
mation to the continuum. Defining

- 1 . - ,
FadGE) == 5 [ 0 Eie) B+ -5 5)drdr

[ e EOC + = w5 )drar
Ax Ac

- B 1 r- R
C(-w /A €00 7)ar+ 5 fA E1(r) - In ()dr
and

E e Qg0 =E90); nEr)=ar red;

3:I: — {
/1||§A pElzys Z VI/SIAI}
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A result similar to Theorem 5.1 holds for the above functional and leads to

InZy o (S*IEp) < B inf F, 1 EE + ey 1Al (148)

where c is a constant independent on u.
We are then reduced to study the variational problem in (7.48) for
F, 5.6 |§(fi") ) on 3%. We define the “excess free energy functional”:

Fe EAlEL) = F 1, G150 + 2 (7.49)
A= — inf ¢mf(v)|/i| +Ef Sy ) EL 0 - ESVG) dr dr!
B:)15)= 2 Jixie
(7.50)
mf,+ > (V- v) =+ | =
¢, (V) == —u 5 —(l—-ww-p )+E(v~lnv) (7.51)

f;f; u(g 3 |§ gl 0)) is positive and differs from F, i u(E 3 |Eiﬁ°) ) by a constant and hence

has the same minimizers and its minimum is ﬁmte.
Denoting by:

q)eff :t(gA) _ l‘nf :i:(%-A) - ﬁp“f 1¢mf :t(v) (752)

Fh E; |§ﬁfj) ) can be rewritten then as:

FlJElE) = /A O EE D+ 5 fA Ty E(r) = &5

v du xB

5 [ e e

The analysis in Appendix B, see Corollary B.5, proves that there are positive
constants w, ¢, so that for anyE € 3% there is w e

FJEiEY) = BT @18 — coem A4 (7.53)
where ¥ ; has the following properties:
17(1;/;;1’) =ay Vre A
Vi) =pF Vre X =(A\ D)\ &4\ 4) (7.54)
Vi) =E(r) Vred
SUp 14(1) = py7| = (1= ko)y” Vr € 8 *[A] ko >0
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We can write:
7+ (g, _ g off 7 12(¢) .
02545 188) = = P T a Vil ey ol

+ Bepe M 4] + A (7.55)

where

B':= {% ssup vy, — pEl < (1= ko)y”, 7 € 8 [A];
q
NWir) =as, re &Y, =5"r e T; Y00 =v}"0) r € 4
[H% Sz v > y'/8|A|} (7.56)
A A.q

In Appendix E it is proved that for any v ; € B° there is 17/: :

- l /4 A
-, ¥ on 8ig " [A],
vt = ~i (7.57)
p~ elsewhere.
so that:
Fo (ED) = B (VHIESY) + ey A 1A (7.58)

Let [¥*]% defined as in (5.28). By Theorem 5.1 we then have:

—BF, ;. (V7ELY) <InZy 5, (Y = [¥71°)Es) + veol |

and since by definition:

- - 1
I 1% =95l < 56

we have:

7 % - 1 — a
I 50 = 5 e < 567 + (1 = Ko)y

so that the set {gf{’ = [Iz/a*]eo} € X* and
7 %1 2(£o) 5+ e -
—BF, L IE) S ZE L (E) + b))
By (7.49) and (7.55)
5+ 2. 5+ z.
In Zabs,ﬂ,ﬁ;u(S |$A") = In Zabs.ﬂ,ﬁ;u (i:AC)

+Bcpe” Al — ey Ay B AD) + ¢y Lol Al
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Inserting this inequality in (7.45), we get (7.44) for y small enough. O

8. FACTORIZATION THEOREM AND LARGE DEVIATION ESTIMATE

In this section we prove the factorization Theorem 4.2 in a slightly different
form, proving at once factorization and control through the mean field functional,
for which we prove the large deviation estimate needed to get the Peierls bound of
Theorem 4.3.

Let " a p-contour and define

G’ == sp()|_| 4% (8.1)
i#p

Theorem 8.1.  There are 7, b and a constant ¢ such that for all y < 7, |8 —
| < b:

A

q
G#p Zy,ﬂ,lmq(r)\Aé(qu)

wh ((T5E40) < expley T}

>

b
o5 Z, g (O 4i (p?

. N >(¢
-expy—p|_ inf Fy,ﬁ,Gﬁ(PGﬁlfﬁ,f))
P N(Pgp)=nr
Baq=p1

. R

= nfFy s or(PorlE) (8.2)
GP* Gr/—
ﬁAl? =57

In order to shorten notations we define R(I") and R( I") as the two subsets of
L>(G*, Sp) such that

R() = (5 € L™(G”, Sp) : 1:(5) = nr(x) ¥x € sp(D); 3(x) = 9 Vx € A7 V4 # p)

R(N) = {ﬁ € L™(G?, Sp) : n(p,x) =asVx € T; p(x) = p” Vx € |_| A‘?}
i#p

We will prove also the following Theorem:

Theorem 8.2. There exists y > 0 and a constant c; > 0 such that forall y <y
and all B such that |8 — ﬁ;“f| < cby%, the following large deviation estimate
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holds:
i BIEL) — i 512 ()
inf F b ) — inf F, 5 (
FER(T) y.8.G? (p|$Az7 ) PleLy 7.B.G? (/O|SA[, )
¢ d
> Cfll“lyz“(e—’y> +Y Zu(5; - 53)
r Q%
where

1
Ty = E// ) Jy(x, y)dxdy
Ai Sty 4d)

Proof of Theorem 8.1:  We first recall the definition of the weight of a p-contour
given in (3.17):

Ky g.eonine @) (ET, PIE4H)
/'Ly,ﬁ.c(r)\lmﬁ(r)(g( X, D)Ei)

w}’,”ﬂ(r‘; E40) 1=

For each set 4%, ¢ # p, we denote by:

A7 = 49 U8k 149 (8.3)
AT = 470857140 (8.4)
24 = (49 \ A7) nsp(I) (8.5)
$9¢ = (49\ 4%) nsp(T) (8.6)
T = Ly, B9 (8.7)
and also:
AP = sp(T) Ujsp A
ya:=1Intd() \ A9
We write:
3 e PR oz, G(EM) ez i) [ Z8 i)
w’ 4(T384) 1= e il

> e PGz, G E e Ean) [ 2] 3 Exic)

ExeeXP G#p
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By Theorem 5.1 with £ = £, we have:

p .E £IT
wf,ﬁ(r,&m) < el x

S e T rio) expl—p inf F,pan(PlES:ENT | Zﬂ yi Esae)

p(p)=nr resp(l’)

Z—'Eezéz,ﬂe?ﬁ n(p)=a; redd §#p
_BH, ¢ £
3 e P exp(— B inf F, s (Bl EN [] 25 5 Grie)
EgecXD §#p

(8.8)

Using Corollary B.5 with A = A%, we can find a lower bound for the free energy
term in the numerator by considering density profiles g identically equal to 57 on
A1, at the expense of a small error term. We have:

inf F, 5 N
p(p)=nr respl’) i ('0'&2 E )
n(p)=a; red?

: —wyl 20 4
= p(p) lrfl{fresp(l*) FV B.AP (p|52‘"’ AI’) —cpe” ! 4]
n(p)=a; red?

p=pi redi
- pu(p)= IRfVEsp(F) y:p.G? (p|§zt ’ gAp + Z p: n},IOI)f— E yop B0 (p|$E£ ’ pAq)
p=pi redi

—cpe 21|

p(p)=nr resp(l’)
p=pi redl

Ll T 1 - .
> inf Fyp.0i (BlEse; E40) — B ZIOg(Zﬂ,)':éf(éEf;pZa))
q

—(coe™ 12 + ey o) T

The free energy term in the denominator of (8.8) can be directly bounded from
above, as

inf F PlER;ED) < inf F FIEL Bl
pinp=a; P a0 (PlE ) pnpy=a; P a0 (P& AI)
p=pi redi

= inf Fﬂcp(mézwsz‘i” +Z

mf F e es
pa(p)=as VB ('OEE pAq)

pn(p)=

1 - s
< inf .o (PlEs: E40) — Ezlog(zﬁ,ié«e(gze;pig)) +cytolT|
q
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Inserting both estimates in (8.8) we get the following factorization:
w! (T:€47)

Z 1_[ e*ﬂHy(%‘zé.L’)Zﬂ’iq,e(éxﬂ; 53‘? )ZZ,Vé (Ezz]e)
:g):(;,an‘i q#p
Yo [1e %92, 500Enes 5075 i Gic)

EveeXh §#P

< PBeyloreye ) &

X exp{ — inf F. 5 _'ql‘l‘;q; — inf F ;*QZ”‘,;_’~>
p{ ﬂ<0¢n(p)=(ir"€SP(l") y'ﬁ’GP(msz SAI) pn(p)=a’ rhG (P|§z SA,')

p=pd red!

. 71 (4
— BertollI+eye 7+ /2 l_[‘ﬁﬁl’ Z%ﬁalﬂt"(r‘)\A" (0%

P -5
25 Z, gy (P7)

. - 2 . N >(e
X exp [ - ﬁ[ . inf F, 3.6i (Pgi |éf4,?)) — _inf F, s.6i (Pgi |§§f))“
Pgp N(Pgp )énr Pgp N(Pgp )éa”
pa=p1 pPa=p"?

O

Proof of Theorem 8.2: For each D% -measurable cube C in sp(I"), at least one
of the two following events occurs (recall definition (3.11)):

(a) there is x in I" such that Cﬁ” ~ C and r/f;"’ =0.

, (b) theere are Xy, X2 in FzsuCh that Cy ~ C, Ci" ~ C, Co” ~ C;” and
nxl_’y a O:nxz_'y #* Oaﬂxf’y # nx;'y-

Let Nr the number of cubes of D% contained in sp(I"). Since a single
event can be associated to at most 3¢ cubes, there are at least 3~¢ Np- distinct and
nonintersecting events. Let consider a maximal family of nonintersecting events
and denote by (x{);cs,, respectively (x{, x3);es,  set of points (respectively a set
of pairs of points) characterizing the events of type a (respectively of type b). We
also define

B.=| |t (8.9)
iel, 0
By=|](c uch) (8.10)
el X 2
We have
1
ol + 1] = 27 Nr (8.11)

=Y
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1 /e ,\*
|Bal + 1851 = 55\ 7 ) I (8.12)
+v

We separate G? in two components Gl =G, u G,,

G = 8o’ (A7) Msp(I) (8.13)
G, = G\ G, (8.14)
and write for all p in R(T")
F, 5.6 (PIEY) = F 56,1E\Y) + Fy 5.6,(Bc. 1 8.15
y,B8,GP 1Y AP = L'y B,G, (pG1 |$Ap ) + y,ﬂ,Gz(pG2|pG1) ( . )

We first apply Corollary B.5 with A = G, \33;171(G1), p*=p and u = 0. Thus
there are positive constants w and ¢,, and there exists ¢ € R(I") such that

Fy 5.6, (ba, |§fpp)) > F, 8,6, (&Gl |ﬁ£f,~?)) — Co| Gyl @b/t (8.16)
with
. g, ondh (Gy),
o, = :wl S (8.17)
pP on G\ 8" (G)
and
Fy 5.6,(86,156,) = Fy.5.6,(B6,|¥6,) (8.18)
Thus we have
S rdtrd —w
Fyp.6:(BIESY) = Fy p s (WIESY) — cul Grleter/* (8.19)

. . 0 . .
Fori € I,, we write C; = C,,;” as a shorthand notation, and define the function
¥ on G? as

1 v ’ .
E fcl_# v (rdr' ifr € By,

Y(r) otherwise.

V) = (8.20)
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From the definition of a contour, it follows that dist(B,, sp(I")°) > y~!. Thus the
energy terms in the free energies of v and y° differ by the quantity

|Uy,Gl3 (&@,(f/?)) - Uy,Gﬁ (&Olg,(f;?)ﬂ

1 L. . .
e R G R 2 A TR R A A
sp(I")xsp(T") sp(I")xsp(I")
1 . . . -
=3[ s+ G - Py
sp(I")xsp(I")

IENE TR AN
ey [ st e+ 30 [ @ - ion)
-3 2| dxdy(j () +9°() - Y () / dy'(J (x,y>—J<x,y'>)‘
2 iel, |C1| sp(I)xC; C; 4 4

1 1

-2 iel, |Cz| sp(I)xC;

drdyl(F) + 0 T [ 15,90 = 5,5

<2Vt y IV T Il Bl
where in the last inequality we used
(Y 00) + 90 - F ()] <2 (821)
and
|y (s ) = Jy (e, Y1 < Vde,y VT llool a2y 1) (8.22)
that for all y, y" in C;. By concavity of the entropy, / (1}) <I (1}0) and we get

Fypai(WIESY) = Fy 6o (0018'Y) —27Vde_ ,y VT lc|Bal  (8.23)

We look for a lower bound of the free energy of Jf”. We again divide G? in two
parts G? = G| U G, where
Ciy/2, p
G| = 8o (A7) Msp(I) (8.24)
G, =G\ G| (8.25)
We have
Fy p.6o (&Olq;{?)) = Fyp.6, (lzg’] |§Eﬁ?)) + £y.5.6, (&g’z HZ(O;Q) (8.26)

We write the second term as:

U 7 v 1
Fypa, (Ve W) = /G dxgy () + 7 /G /

5 X

XAy G ) = 0P

> > 1
[ v @ B0+ [
Gy} 2

GyxG

dxdyJ, (e I (8.27)
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The last two terms can be calculated since, by (8.17), &0 is constant and equal to

p? on both (Sm (G)) N G5 and G M 82,'m (G5), and equal to 57 on 49, § # p. We
get:

. R 1 . -
Frnag (B 108) = [ axap G+ [ dsdyd, e )i - 3 0F

Gy xG)

1 / s 1
i drdy s NFE =5 [ dxayd, e
2 Z 1 x(Intd (D) A7) ! 2

/
G#p ¥ 92 Gy xG)

Since B, T G), the second term can be bounded by the contributions of the
b-events. We have the following estimate:

1

70 70 2
3 Ak =30

1 70 70 2
= Z(/G/XCJ dxdyJ, (x, )y (x) — ¥ ()]

Jely

¥ /G o B - i°01¢ )

= _ d dydy’
/EI | 1| G), xw/;‘ ><C’ rey
X (Jy (2, M) = FO) P + Iy, )P0 ) — 90001

where we used the notations C; = C v C/ = e;,y forall j € I,. Using now the
)
fact that for all (v, y")in C; x C*,

|, (e, 3) = T (0, )| < 2v/de_ , y TV T oo feyi<ay1) (8.28)
we get
! dxdyJ,( /Ox) — v0(»)2 8.29
) vy, (x, VI (x) = (v)] (8.29)
G’2><G’2
22 Y [ arg (8:30)
=y / x2|cj| .
JEI © T2

[y a5 = 00 + 156 = F°000F)

—2470de_ ,y IV T llo| Bl
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Now using successively the inequality
la —b* +|a —c]* > %lb—c|2 (8.31)
and dist(B,, G¥) > ™', we can sum over the x variable to obtain

1

! / dxdyJ,(x. )[°) — 3°0) (8.32)
4 Je,xa,

1 1 ’ ’ s e /
-y / dx dydy'(J, (x, ) + Jy (6 YD) — 500
8j€1h v 2G5 Jeyxe

—2971de_ L,y IV T llo| Bl
1 1

Z —_ —_
8 = 1Cl Je;xc

JE

dydy'|¥°(y) — YO0 = 297 de_ L,y IV T lloo| Byl

We finally get

1

70 70 2
3 Ak e =30

1

2
= / dyi°() — 2,y |V T e Bl
C/

>
=3 Z IC;
JE€D

Now collecting all estimates (8.19), (8.23) and (8.33), we get for all g in R(I"):

Fyp.60(B184) 2 Frp.; (W, 183 ) + D Taal 6P~ / oy I N
q#p

+ /G R D+ / ay' 06|

—co|Grle™ b/t — 2dﬁe_.yy||VJ||m|Ba| —2471de_ v IV T llo| By

Using the definitions of B, and B; and the results of Appendix A, we have for all
B such that g — g™ < Y7

o () = ¢ (57) + (% —~ 1) p¥ —cy? (8.33)

0-1 a)z
= -2 8.34
< 0 Y (8.34)

for all x in B, and

/ ai'o - [

G2
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on all j in [, Hence

Fy .60 (BIESY) = Fyp.6 (WIELY) + G105 (57)

S Tl - / dxdyJ, (x, )5
G#p Gy <G,
0 ) 2 1<Q 1 ? it s
+ = “UBul 4+ ~| == — ") Byl — colGile "/
(ﬁ 20

—20Jdt_,y VT llool Bal—cy? —27"'Vde_ v |V T[] Byl

Now fora < min(}—w 3), we may choose y so that the last three error terms are a

fraction of the respective gain terms. In addition, since we have both | B,| + | Bp| >
3%([’ ) IT'| and G; C T, the remaining error term can be also compensated for

y small enough. We define 7 as the largest value of y such that the following
inequalities hold simultaneously

2 Ay VT e < ~ (L1 e 2
-7 =3\ 20

1
29Vde_ Y VT o < 5(% - l)yz"

cwefwz-#y}//4 5 l g —_ 1 yza
3\B

For all y < ¥, we have
Fypar(PIEY) = Fypa (VIES) + G105 (57)

1 512
) dxdyJ,(x, y)|p?|
Gy x G|

2 Q 2a ¢ ¢
+ZIAqu I”+ 3d+l(/3 —l>y <ﬁ+y> Il (8.35)

G#p
Now consider the function ¢ in L>(G?, Sp) defined as

) = {w(r) re G,

i (8.36)
P redG.
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@(r) belongs clearly to R([I"), and since ¢(r) = p” on G\n 50ut (GY), its free
energy reads

Fyp.60(BI1ESY) = Fyp.6 (§18) + 1G4 (57)

1
—5/ dxdyJ,(x, ))IF?P 1P+ > L lp"
Gy %0, G#p

Hence we have for all g in R(I"),

Fy 5.0 (BIES) = Fypar@GIES + Y T (15712157 P)

§#p
1 (0 waf L= \*
+W<E—l>y <£+y) T (8.37)
and since ¢ is in R( 1),
Fyp.0:(BIE,, 0))— dnf p.6i (PIESS) (8.38)

Taking now the infimum over R(I") in (8.37) we get forall y <y,

f F (£ 0) > f F (Zo) T, =412 =2p2
pel7nz(r) 56’)(’0'5 ) - 1n ﬁGf’(PE + ; 41 (|07 [0717)
q97PpP

¢
+ ey <e+ ) IT| (8.39)
Y

]
¢ = W(_ _ 1) (8.40)

with

=[O

APPENDIX A. MEAN FIELD MODEL

In this appendix, we review briefly the mean field theory of the Potts
model, ®® and derive the various quantities needed in the rest of the paper.
We consider a Q-state Potts model defined on a complete graph with N

sites and derive its behavior in the large N limit. A variable o;, 0; € [1, ..., O],
is attached to each site i of the graph so that the space of configurations is
Qy =1[1,..., O]". The mean field Hamiltonian on Qy is:

1
H™(0) := 3N Y o=y
i%)
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H™ is invariant under any permutation of sites so that its value on a given
configuration depends only on the number of sites with color ¢, says N,, g €
[1, ..., O]. The partition function of the model is thus:

NI s _
ZN,,B = Z I_[ N 'QZN Zqui(Nq 1) (Al)
{Ng}: X Ng=N = 4 7

For N large, Zy g is dominated by the configurations which realize the minimum
of the free energy density ¢21f defined on Sy = {p € Rg, > g Pqg =1} as

o 1 1
¢ (5) = =32 P+ 5 2 pulnipy) (A2)
q q

with the correspondence p, = % In fact, for our present purpose, we are also
interested in all local minimizers of ¢>g‘f, which appear to be of two kinds: one
“disordered” (or uniform) state in which all colors have the same density and Q
degenerated “ordered” (or colored) states in which one color dominates. As can
be expected, the first one exists for small values of 8, while the other QO exist only
for B large enough. In addition, there is a critical value of 8 which determines
which kind of local minimizer is the actual absolute minimizer for ¢g‘f. We make
these statements precise in the two following theorems. We first characterize all
local minimizers:

Theorem A.1. Forall Q > 2, there exists By < Q such that the mean field free
energy q‘)glf (A.2) on Sp has exactly:

e [ local minimizer for 8 < By,

e O + 1 local minimizers for By < B < O, and

e O local minimizers for B > Q.
These minimizers are of two kinds and characterized as follows:

e Forall B < Q, the uniform state p=Y, with components

pih = é forallg €{1,..., 0} (A.3)

and free energy

1

-1 1
> — % log(Q) (A4)

FE =553
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e Forall B > By, O colored states pP) = ,5/(3p), pefl,..., O}, with com-
ponents
pa q=p,
o = { | (A5)
P otherwise.
where (04, PB), P4 > P, is the solution of the set of equations
log(p.4) — log(ps)
=B (A.6)
P4 — PB
pa+(Q—Dpg=1 (A7)
which verify
OBpaps <1 (A.8)
These Q states are degenerate and have free energy
mf - =(p) —1 1
bp (07) = TQPAPB + 25 log(p4p5) (A9)

The mean field first order transition is described in the following.

Theorem A.2. Forall Q > 2, there exists a critical value of B, in (8y, O),

mt_ 20 —1)
B = o=7 log(Q — 1) (A.10)
such that ¢;‘f has:
o [ minimizer pV for all B < B™;
o O + 1 minimizers pP), p € {—1,1,..., Q} for B = ™,
e O minimizers p?), p € {1, ..., O} for B > B™.

Finally, the relevance of local minimizers in our problem arises from their
local stability, which is stated in the following theorem:

Theorem A.3. Forall Q > 2 and all B in (By, Q), the map

o — g(p) (A.11)
where

exp(Bpg)

s e (A.12)
Y2, exp(Bpy)

&q (p) =
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is a contraction around the Q + 1 local minimizers pP) of the mean field free
energy qbglf. In particular,

 J— (A.13)

3g4(p) 1
w1 1= 20
’

’

9.9

for all p such that sup, 1oy — ,05| < Wfor some p.

Proof of Theorem A.1: We consider the variational problem for ¢;,"f(,5).

Y
inf mf(5) = min'* | ¢™(5) + A —1
Lot 9 (7) = min" | ¢ (5) + qu

a=114 Jj=q

where A is a Lagrange parameter associated to the constraint ) 4 Pq = 1. Since
the gradient of the free energy points inward the simplex Sg, the (local) minima
cannot stay on the boundary of Sy and are thus solutions of the set of equations:

37 (5)
004

+A=0, ¢g=1,...,0 (A.14)
together with the condition

0 32 mf >
3 TOFD) =0 (A.15)

ql,q2=1

for all X € R such that Zle xg = 0.
Explicitly the first derivatives of the free energy read
295" (p)
0pgq

El—pq—i—%(lnpq—i—l) (A.16)

while the Hessian matrix of ¢;}‘f(,5) is diagonal and

82 mf, = 1
¢f‘_(m=5ql,qz(_1+_) (A17)
ap41pq2 ﬂpéh

3957 (B)
apq . . .
cannot take the same value more than twice. Thus there are two kind of solutions

for (A.14), depending on whether p, takes one or two values.

As a function of p, alone,

is a strictly concave C* function and hence
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The first case corresponds to a “disordered” solution 51 in which each
color has the same density:

p;*):é forallg =1,...,0 (A.18)
R -1 1
P5(p ) = 30 B In(Q) (A.19)

Using (A.17), 5V is a local minimum of ¢g‘f(,5) ifand only if 8 < Q.

In the second case, let p a vector in Sy which components takes two values,
says p4 and pp with p4 > pg, and letn, 0 < n < Q, the number of components
equal to p4 (the remaining Q — n are thus equal to o). According to (A.14), g is
a critical point for ¢an(5) in Sp whenever the constraint is satisfied and both p4
and pp are associated to the same value of the Lagrange parameter:

nps+(Q —n)pg =1 (A.20)

1 1
)~=,0A—1—E(ln,0A+1)=PB—1—E(IHPB+1) (A.21)

However, all such points are not local minima: equation (A.21) implies the relation
(A.6) between 8, p4 and pjp,

1 —1
_ Apa—MpPs (A.22)
P4 — PB
and by concavity of the logarithmic function, we have necessarily
1 1
— <B<— (A.23)
L4 rB

Thus the second derivative of qbg‘f(,B) is negative in each direction in which p, =
p4- This is obviously not compatible with the condition (A.15) for n > 2. In the
case n = 1, the constraint (A.21) reduces to (A.7):

pa+(Q—1pp =1 (A.24)

while the condition (A.15) can be made explicit using (A.17):

1 1 1
“1+—)+——(-1+—)>0
< +ﬁpA)+Q—l< +ﬁp3>z

or equivalently using the constraint (A.24), one gets (A.8):

BOpaps <1 (A.25)
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We need to find out all triples (8, p4, pp) Which solve simultaneously (A.22),
(A.24) and (A.25). For p4 in (é, 1), we consider the function 8(p,4) as

~ In P4 — In PB
Bps) = ——— (A.26)
P4 — PB
where pjp is taken implicitly as a function of p 4, through (A.24). Its first derivative
reads

3B(p4) 1 [ 1 ]
= — A27
904 (Q = D(psa — pB) L Paps PO ( )
while the second derivative can be cast in the form
928 —
/3(,20A) _ fﬂ(,OA)2 @(ps) : (A28)
904 (Q — D(pa — pB)
where
4 1
o(0) = 20" log(p) + 7 = = (A.29)

One can check that the function ¢(p) is strictly increasing and thus the second
derivative of B(p,) is always positive. It follows that there exists a unique value
po In (é, 1) so that the first derivative is zero in py, strictly negative for p < pg

and strictly positive for p > pg. We define By = B(po). Since equation (A.22) is
equivalent to 8 = f(p,4), solutions to (A.22) will exist only for 8 in the image
of B(-), and thus for 8 > By. Now the condition for a local minimum (A.25)
is equivalent to aﬂ 21) > ( and thus to 04 > po. Furthermore the function J(-)
is invertible from (po, 1) onto (By, +00) and therefore, for all 8 > By there is
a unique couple (p4, pp) for which the vectors (A.5) are Q local minima, and
there is no “colored” solutions for 8 < B;. Whenever they exist, those minima are
degenerate and their mean field free energy is given by (A.9). We postpone the
proof that By < Q at the end of the proof of the next theorem. ]

Proof of Theorem A.2: For 8 in (8, O), we consider the difference of free energy
between ordered and disordered local minima

- - 1-0? 1
Agg") = 5" (") — ¢5" (67") = —g Qp 4P + % log(Q%p.aps) (A.30)

We first note that ,3A(¢g‘f) is a strictly decreasing function of B: using (A.26), we
have for 8 in (8o, Q),

i B ) VBAGED (1 - 0pa)
a5 (063" = (apA o 2000 -1

<0 (A31)
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Furthermore, A(qj}?f) has one zero for Q%p4pp = 1 or equivalently

0-1
P4 =— (A.32)
o
This zero is thus necessarily unique and defines a critical value of 8
~(0—1 20-1)
Q Q-2

We complete the proof by showing that (A.25) holds at 8 = ™. We have for all
0> 2

m 209-1 log(Q — 1)
0B paps log(Q — 1) = ——————

T 0(0-2) sinh(log(Q — 1))

Thus B™ > By. On the other hand, since p4pp = Q72 at B = ™, (A.34) proves
also that 8™ < Q, and thus By < ™ < Q. This also complete the proof of
Theorem A.1. (]

<1 (A34)

Proof of Theorem A.3: Let 8 be in the interval (8y, Q) and consider the map
b — 2(p) defined in (A.12). We have

3g4(P)
0pg

= B24(P)(84.4 — &4(D)) (A.35)

and since 0 < g,(p) < 1, we have a first bound uniform in p:

sup <8 (A.36)

q.9'

0pg'

On the other hand, from (A.35), one can also write

ag, ~
sup 8—(0) < sup |- 289 (57| + sup (p) (p”) (A.37)
4.q' | 9Pg’ a.q' | 90g’ 4.9’
The first term can be bounded by
9gy N b p 1
sup | == (p")| = Bsup [0} (8g.4 — o)) <1 — — (A38)
g.q' | 90g' q4.q' 0

where the inequality follows from (A.3) and 8 < Q for p = —1, and from (A.8)
and (A.7) for p > 0. The second term in (A.37) can be bounded using (A.36) as

984 (5)— 284 50y

su
p 00y’ 0py

q.9'

<2ﬂsup|gq(p) 2,(p")| <208’ suplpq P2l (A39)
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Thus for all p such that sup, |, — pf | < @ for some p one gets

gy 1
sup —@|<1-=— (A.40)
g.q' | 9Py’ 20
We conclude this appendix by a proof of (6.14). O

From equation (A.31) and the definition of ﬂf‘f (A.10), one gets explicitly:

d . _ 1
dﬂ [meﬂ mfﬁ]|ﬂ =g = ’Bmf ap (’BA(¢ )|I3=ﬁ§1f
(Q -2y

“20(0 - g = (4D

APPENDIX B. LOCAL EQUILIBRIUM

The main result of this appendix is the proof that, for suitable values of the
temperature, if a density profile is in a neighborhood of an equilibrium value

in a region A LI BOut [A], then it can be made closer to equilibrium inside A at
an exponential rate from its boundary, decreasing the free energy. This result is
essentially due to the stability properties of the free energy functionals originating
from the contraction property of the map (A.11) around its fixed point. The precise
result is stated in the Theorem B.1 below. The proof follows the lines developed in
Ref. 26, (see also Ref. 2) for Ising model and continuum particle models, and we
will stress here only the points specific for our model while we will only sketch
the points that are quite analogous to the other cases.

Without lost of generality we study the local equilibrium around the phase
“p”pe{=1,1,...0}. Let A a bounded D+ -measurable region, and n5(5) €
L“(Rd , S0) deﬁned analogously as 17,(p) in (3.9), but with an accuracy parameter,
denoted by ¢, that here we leave free

ap if 157 ()= 5"l < ¢
otherwise.

ns(p) =

p - - 1
ME = {p € L®(R?, Sp) : n(P) = ap Vx € A U8, [A]}
and for any p * € M2 | we define

X 5= AP € MY pac) = 5
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Theorem B.1. There are positive constant &, w, ¢, so that for any { < &,
Y < kol and any p* € My, ,, s.t.

® there is a unique \y € X 5« S.t.:

inf  F,u a(BI5) = Fpun(W155) (B.1)

PEX) 54

. 1Z is the unique solution of the mean field equation and has the following
properties:

* Pa € COA MY re) SUPe IVYA(M)L < BIVI, I
%

[a() = 571 < cpe B0

where Ay = {r € A : dist(r, A) < y~ L0 *(r) # pP)

o [f\, ¢ are minimizers resp. in X}; X Xf 2 then:

”&A(V) — (Z)A(V)H < cwe_“’diSt(r-A?Az#)

where A7, , = {r € A°:dist(r, A) < YL oi(r) # pa(r))

The proof of Theorem B.1 is obtained by defining a dynamic 7“MP on

L®(RY, So), and proving that this dynamic maps Mf\’, ¢ into itself and that it is
dissipative for the free energy F, , . The minimizer 1} is then obtained as the
limit point of the orbit 7% as t — oo.

Following Ref. 26, we define an opportune dynamic i}”’A’ﬁ (suitable for our
model) that has the properties that allow to conclude as in Ref. 26.

The essential point in the proof of the Theorem B.1 is the contraction property
of the map 9*#)(.) parameterized by u, u € [0, 1], defined as follows:

eBLI ()

(u,p) (5 -
Mg p)(r) = >, PL)

£y i=u [ dr g0, +( =) ]

We state here a lemma which proof is postponed at the end of this appendix:

Lemma B.2. There are ¢ and ko positive, so that for any ¢ <  and y* < ko¢,
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any bounded Dt -measurable region A, v € A, p € Mfz’ ¢

sup IL“P(B)(r) — B L)l < u(l + caro)e < 2¢ (B.2)
sup 19PN BYr) — 52l < u(l — ko)E (B.3)
re

We then define a dynamic given by the semigroup f,"’A’ﬁ (), =0 on
L*®(A, Sp),

TP (B) o= (TP (p1). ... Ty (pg))  forany 5 € L®(R?, Sp) (B.4)

where quf}A‘ﬁ (o) are solutions of the Cauchy problem:

dp’(r, t .
M = —pMr, 1)+ MEP (YY) foranyg=1,...,0
dt 1 1 (B.5)

pAr ) =p (1) (1) € [A° x {t = O} U[RY x {t = 0}]

Existence, uniqueness and continuity w.r.t. the initial datum of the solution
follow by the continuity and the Lipschitz property of the r.h.s. of equation (B.5)

Notice that 7, (-) maps L®(R?, Sp) in itself, and has as a fixed point 7.
We next prove the following properties:

1. i}“’A‘ﬁ(Mf_g) C sz,g forany t > 0

2. For any py € L®(RY, Sp) and A a Borel set, Tqu}A’p(ﬁo), g=1,...,0,
converges by subsequences as t — oo to functions v, that are bounded
in A and with Vu, bounded in A. The limit points are solutions of (B.6)
below.

3. Fyun(T"P(5y)) decreases with ¢, strictly unless o is stationary, and
thus satisfies:

PLLGr1)

PO = o  Griaio
K Zgzleﬂﬁq,(po(ur))

Vg=1,...0 ¥YreA  (B6)

4. Asaconsequence of the property (3), forany g *(r) € M| f’ ¢» the minimiz-
ers of Fy , a()) in Xp 5 := {0 € M} , : pac(r) = p,(r)} are solutions

of (B.6): g = 9M“P(5). By the contraction property of the map 2t"-P(-)
we get uniqueness of the minimizer.
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Proof of the properties 1,2,3

1. Clearly we have i}u’A’ﬁ (Sp) C Sp. To prove the first point, let then T > 0,
po € M} , and
Xe =P € LR x [0, 7]; Sp) : p(r, 1) = po(r)
r, 1) e [Rd X 0] W [AC x [0, r]]}

Let Q7 () the map from X 5 into itself defined for any ¢ € [0, 7],
relas

t
QG0 = el + [ e TG ds
0

if T is small enough 7 is a contraction and its fixed point is the solution
of (B.5), T""™?(py), t € [0, 7]. By (B.3) the set:

(V€ X 0(. 1) € MY, ¥t €[0,7])

is invariant under the map €, and since it is closed, it contains the
fixed point of Q. By induction the statement can be extended fo any
1 TN (o) & ME .t = 0.

2. Convergence on subsequences follows by Ascoli-Arzela theorem, after
having written the integral expression of the evolution (B.5) and observed
T, qlf’,A’p () — €' p, is bounded with bounded gradient.

3. The decreasing of the free energy functional, follows by observing that:

d a7} D, - >
T Fraa TP Bae) < 0

An explicit calculation gives:

d T B o wy i, N p o 1 e
Z}—y,u,A <[T, ‘A,p(p)] | pAGZZ_/;\dV (—»Cq(T; *A,P(p))'i‘E(]_Hn Tq,}A’p(p))>
q
(= TMP(3) + IMED (TN (7))

u,N,p > .
=) / dr l(1n lai (0) +1-In) :eﬂﬂfﬁ/@"'“”’(ﬁ))))
A B /
q

. M (T P (5))

(= TP + (I ()
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1 7,5 () B Ly A~
=—Z/dr In—— e (= 1,5 (5) + M PUT (7))
B In My (T (5))

K 5 - By A =
o 2 [ ar (= 1B+ P G )
A
q

with K =(1—In)_ p Pl )). The last term is zero by the normalization condi-
tion, while the first one is negative (in fact the two factors inside the integral have
opposite signs). We denote by:

“P(p ! i u,p), -
DA’p(p) = E Z (ln m)( — pi +9ﬁ§ »P)(IO))

fo\’ﬁ (p) = 0 if and only if p satisfies the equation:
Py =MPPE) Vg =1.....0

To conclude we need a lower bound on f}u’A’ﬁ (p) that assure that the dynamic is
always well defined for any time ¢ > 0. (notice that D'y” () diverges if one of the
coordinates p,(f) becomes null.)

Lemma B.3. Let p € L*(R?, Sp), A a Borel setinRY, p2(-, 1) = 7™ (m) and
vg = inf\,o;‘(r’). Then forallr € A andt > 0:
r'e

pg(r, 1) = [v) — cq(u, B)|e™" + cq(u, B) (B.7)
where c,(u, B) = o e(];m;ipf, > Qeﬂ[u‘HH)l > ﬁ
"
Proof: Foranyg =1,..., O, let v, () the solutions of the Cauchy problems:
dl;?ft) A e%"q(”’ A (B.3)
u(t) = v°

Let  wy(r, 1) := vy()lyen + £*(r, )lpene.  Since  —wy(r, 1) + zzcq(u, B) <
—wy(r, t) + 93“(51"’1))(17)) uniformly in » and w, €[0,1]. By Gronwall
Lemma, p,(r, t) > wy(r, t) for any r € RY,t > 0, and it is strictly positive for
anyt > s > 0. O
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By Lemma B.3 for any s > 0, the functions [T;f}A’ﬁ(ﬁ)]A, t > s, for any
q €[1,..., Q] are bounded away from 0, so that:

D =g b= > % ! U,p D, - ’
Fypu s (TP (B)AIB ) = Fyu a2 P(5)]a15 %) = / DYI(T P (B))dt

Since 'Di’ﬁ (T*?(5)) is monotone in s, by the Lebesgue dominated convergence
theorem, the limit s — 0 exists, and we get:

~ t . . ,
Fpua(F NP GYALG ™) = Fopu a(BrlF ™) = /0 DTN By

We omit the proof of the following theorem that follows from the previous analy-
sis:

Theorem B.4. Let p € L¥(RY, So) and A a bounded, Borel set. Then, any
limit point of T(p) satisfies (B.6) and for any p * € L™(A, Sp) there is U €
CY (A, Sp), with Vv, bounded for any x in A s.t.

fy,u,A(mlajikc) =< fy,u,A(ﬁi'ﬁ/ﬁ')

As a corollary of the Theorem B.1 we have the following result used in
Subsection 7.2, and 8.

Corollary B.5. There are positive constants w and c,, so that for any u € [0, 1]
and any p* € MKM there is 12(“) € X\ 5 - with the following properties:

V@) =5*r) re AU s [A]

YO0y = ) e A\ [A] (B.9)
]:y,u,x(lﬁ(”)) = fl/,u,)\(ﬁ *) + cw|A|e_we+‘V/4

We conclude this appendix by giving the proof of Lemma B.2

Proof of Lemma B.2: In order to prove the first statement, we define a D(-»)-
measurable approximation of the interaction kernel as:

(£—y) _ 1 N
K 00 = /y i sy (B.10)
We have for €, = y~1H* <y~
l_ l_ /
IS0, () = Sy (e, )| < sup )|J§ e, () = Jy(x, ¥ (B.11)
y’ECL k4

<Vd e,y NV sl <oy (B.12)
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Using this result, we can write for all » and all ¢,

L4501 =u | [ dr' 3,7 No ) = o)

+u

[ Gy = e e - o)

. :
5u< I ) / o o) = ppldr
jet_,zy! e

+2d¢2||v./||ooyz_,y)
< u(l + cqxo)
for y* < ko¢ and ¢g = 294/d||VJ||. Hence

sup [|1£43) — 7 21l < u(l + cako) < 2¢ (B.13)

for k¢ small enough.
In order to prove (B.3), we take ¢; small enough so that Theorem A.3 holds
(for example ¢, < (ﬁ)z) forall { < ¢). We get forany » € A

1D (B)r) = 5 ()l = 8L BNC) — 85 P))lls

< (1 - i)niu(ﬁ)(m — Pl

=< <1 - é)u(l + cako)t < u(l —ko)s  (B.14)

having chosen k¢ so small that

1

Ko = m (B.15)

and (B.3) holds. O
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APPENDIX C. EXISTENCE OF THE PRESSURES
P OF THE ABSTRACT MODELS

abs,y,B
Let {A,} a sequence of sets of side 2"¢, ,, and

+ -4 + -4
In Zabs,AnV,ﬁ('oﬂ) _ In ZabS~An—l~Va/3(pﬂ)
:3|An| ,3|An—1|

The proof of existence and continuity in 8 o the abstract pressures follows
by the continuity in 8 of D, g(n) and by proving that there is a constant 7:

Dyﬂ(l’l) =

|Dy,p(n)] < #727" (C.1)

Proof: Decomposing A, into cube§ An_1(k), k=1,...,29 since the interac-
tion energy is bounded uniformly in £ and recalling (6.6), we have:

+ oy dq. ot oy
InZgs p,yp(0g) = 29I Z5 1 5(08)

£y
2

—cy~ ', )T —2d2n e (C.2)

where, denoting by [§A] := I_J%d:léf; 7[An—1(k)], we have used the estimate

SN UE-Y. Y b= Y U@l <24 e T
ACA, k ACA,_i(k) A:AM[SAY]#0
(C.2) gives:
D, g(n) > —c27"
the same arguments give also the upper bound:

D, p(n) < —c27"

APPENDIX D. EXISTENCE OF THE PRESSURE
P AND SURFACE CORRECTION

abs,y;0

In this appendix we prove the following Lemma:

Lemma D.1. There exists a constant c; such that for v small enough

1P, 0+ 855 (05| < cay (D.1)
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where bes’y;0 is defined in (4.16) for u = 0, and

m B o
Riono = Ryn =5 D0 Jy(x, »)(B* - 5%) (D.2)

xeA
YEAC

Proof: = We denote by Cy = Cg”, the cube of the partition D% that contains
the point 0,

xeA

+ E —p*)-L(p* P
nZabs,ﬂ,A;O =In [ Z 1_[ eﬂ(( P )) lge){ci[]] - ﬂHy«A(IoA|pA(‘)

En

—In [ ST ] —BIALG, (0 5)— B Hy AGGEIFE)

g::A X€EA

_ AL s(E-L0)q BIAL, &+ &

(, xeCy
B St o
+2 2 S 5 (D3)
XEA
yEA®

where we recall H, (53 |65:) = —3 erﬁ J,(x, y)(pE - pF) — ZXEAA Jy(x, y)
ye yEA®

(= pH) =—3 erA Jy(x, y)(pE - pF) — 3 Zyxee[/\\( Jy(x, »)(p* - p¥).  Then

we get:

C xECo

1
+ 7+ —BHEL )
PabsyO Alg'lgo ,3|A| abs,ﬂ,A;O A/‘ ﬂ|A| { Z 1_[ e r.A 15

CO X GC()

1
51 L(p* ) _ X (3E.5E D.4
/3|C0| > e Xco} S (07 p7) (D4)

A comparison of (D.3) and (D.4) gives directly (D.2).
We now prove (D.1)
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Let consider the first term of (D.4):

,3|C0|1H{Zl_[ Ny,

CO )C€C0

1
=———InG ——1In e S“C(p ))
BiCo] M CErollzen; ] ﬂICol 2 I1¢

s( XEC()

In G pollzens 14 7 L 3 efrer

ﬂICI 0

575

where G+ y:0[1z = ]is the probability of the event 1z = w.r.t. the Gibbs measure
0

specified by:

. S (L0

00— T £
Y ZV;O
Postponing the proof that the first term is negligible, as
_2a o,
G:&:,y;o[lgexgo] > 1 _ Ce cy™|C =7 |
we consider the second term. We have
ln Y efel - ln > | = 2VAIVT Ny
i=1,0 i=1,0

and

ln Z PP = —Z,oj In Z el

i=1,0 i=1,0
=3 pr[ —InpF + Bo7 ]| = —¢5 (5%
j

Going back to (D.4), and using (D.5), we get
> eyt ,
|Pbsy0+¢ (pi)|§CdJ/+Ce yHIc Vlfcdy

for y small enough.

(D.5)

To conclude we are then left with the proof of (D.5). Since the derivation is
similar (and simpler) to what is done in Sec. 8 but with a different free energy
functional, we just sketch the proof here. We consider the one body functional

}—g)co on Cy,

1
FO. (Fey) = —= / 3 e - 5 /C e

(D.6)
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Using a result similar to 5.1 leads to an estimate valid for y small enough of
Gy yollzy Xa] in terms of the functional F, /g)Co’ as

E-L(p*
cho HXECO eﬁ( (,0 )) 1§¢Xcio+
ng' H.XEC(] eﬂ(é’(‘é(pi))
)
Iy (&7t
_ cho HXGCO e V( g )1§¢X§]
S Teee, o3 (E5)

~ exp { - ,3( Cinf  FYL (Be,) — %nffgf)co(ﬁco))}
o

+
PcoEXG,

Gi,y;0[1§¢xci(]] =

Following the analysis of Sec. 8, one gets a similar estimate for the large deviation
cost as

. 1 - . 1 -
) 1nfi f-fg,)co(pco) - 1pf}";,,)co(pco) > ey Ol | (D.7)
PCyELe, PCy
for some constant ¢ and y small enough. The estimate (D.5) then follows. |

APPENDIX E. PROOF OF EQUATIONS (7.57)-(7.58)

In this appendix we prove that for any 3 € B° there is 1}2 :

- 6, /4
R on &, " [B],
W;Z %B in [ ] (El)
pt  elsewhere.
so that:
T (Us1E5Y) = Fey  (UHIERY) + ey Ay 8141 (E2)

The proof is analogous to the case of the Ising model widely analyzed in Ref. 26
to which we refer for details. A sketchy version is reported here for completeness.
Let ¥ as in (7.54), and

A=Auss Al

out

Then, recalling that the interaction term appearing in the excess free energy
is always positive, we get a lower bound by neglecting the interaction between A
and B \ A:

ff (7 g ff s 2 ffo 7
f;.B,u(w3|§§3(0)) z f;,B\A,u(WB\A|$;3€0)) + f;.A,u(‘ﬂA)
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where, for any sets D, F' RY:

By uiv)i= [ @ 4@n)+ 5 [ 0o~ T

DxD

F Upler) = /D <I>f,ﬁ°*i(¢7D)+§ / Jy (r. P W () — ¥p ()P

DxD

5 [ et ~EF

For any iz € BY ((7.56)), since ¥3(r) = ¥5(r) on r € 8" *[B]U D, and
Yp(r) = pT onr € X, we have that:
Flau(Upaley) = (05165

In fact the distance between the two sets (an*‘y/ 4[B] and A is larger than y !

and thus F, 5 ,(p%) = 0:
Hence we need to prove that for any ¥z € B:

F a) = ey (v'/5)4)) (E.3)

It is convenient here to fix a specific color p instead of distinguish only disordered
and ordered configurations.
We then denote by

S i=1{r e d: |Us(r)— 5Pl = y'/%)

that can be written as the sum of two sets Sy, Si:

={reS:|Ys(r) =3l =y Vg=—1,1,..., 0}
={reS:3¢#p:IVs(r)—plll. < y'/%)

Recalling the definition of ®57(%) in (7.52), and (7.49)~(7.51), we will
prove that there are positive constants, ¢y, ¢y, ¢z, so that:

/:g QTP (r)) = coy S| (E.4)
/8 QP (Y (1)) = (cru + (1 — u)| S| (E.5)

(E.4) and (E.5) prove (E.3)
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Proof of (E.4): (E.4) follows from the bound immediately obtained by the explicit
expression of @217 (3):

inf inf ML) > cop !/t
ue(0,1) (v:|5—pd ||, =y 1/8Vg}

¢ a suitable constant O

Proof of (E.5): Suppose ||[v — p?], < y'/® for some § # p. We will prove sepa-
rately two bounds:

/S P () = 2e5(1 — u)| S| (E.6)
/ QTP (r)) = 2c1u|S) | (E.7)
S
that together give (E.5)

Proof of (E.6)
~ 5 H 1 p p
OTA(5) = (1 - u)[ =@+ g [Tni -5 | } =0 (E8)

P

Since p? is a solution of the mean field equations p? = it satisfies:

po

PO
ﬂplf’ = ln,ol."3 —InC

with C =), P and the square parenthesis in r.h.s. of (E.8), can be rewritten
as:

IV B
|:—Pp'(v—p”)+E[vlnv—pplnpp]]
! p p o, 1 p T S O e
Z_EZ(UI'—P,-)IHP;' +EZ(U1‘_101‘)1HC +E[vlnv—pplnpp]
! P LN I T S
=——Z(v,~—pi)lnpi —l——[vlnv—pplnpp]
g - B
where in the last equality we used the factthat Y . v; = ), ,0;'3 = 1. We then have:

o7(0) =

(1—u)_.
UIHT
B oP
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and by Kullback-Leibler inequality:

5 l—u) . _;
oemiy > LW gy
(1 —u) [ -G =p\2 1
- G _ =Py _ /4]
ST (! =p") —vy
We consider separately the case when § = —1, p > 0 (or viceversa) and the case

where both ¢, p are positive.
In the first case:

_ 2 2
@i = T [<pA ~5) +(se-5) @-1- y”“}
_(-w |:Q(1 ~2/0) _yl/q
=2 | @y

If both ¢, p are positive

(I—u
2p

) <Q(l—2/Q)>2_y1/4
2B (©-1

Finally, for y small enough:

.07 1/4
P (D) > ]

[2(04 — pB) — ¥

(I—w

@Cff,ﬁ - >
w )= s

We now prove (E.7). Letr € S;
- - 2
[ arts ey () - )
> N 2
> [ a2 e (T50) - Ta0)) = eve,
where

[ 1 /
B, ) = = /Cf—,y J, @, r")dr"”
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and it is constant on the cubes of the partition D*-7. By Cauchy-Schwartz inequal-
ity:

1 N N 2
e /C A ) () — Ys0))

2
- 1 -
= B ) (wg(m - e /C ) dw>

. N2
> J)Ez_y)(r’ (r’))( (5(1 . [—)'p) . 7/1/4 . y2a>

if both ¢, p > 0, (59 — pP)2 = 2(p4 — pp)* = 2(%)@ While if § or p is
equal to —1: (p? — pP)? = 2(1 — 2/ Q)?. Then:

. , 1
[ @y (F50) = 7a00) = 5 = eve, ==y

and
3| ardra e (50— Ga0) = (55) w1
- rdrJ,(r,r r)— r =
s, y (7, B B =\ 30 ujoy
O
APPENDIX F. PROOF OF THEOREM 6.1
Equation (6.2) follows from (4.6) and (6.3), by setting
e MME) = 3 WAL E) (E9)

TeB}

In order to prove the remaining statements, we use a cluster expansion to express
the energy Hfi (é’ A) in terms of a sum of weights of polymers, which will then
identify the many-body potentials U/ f (g?A).

Polymers are functions 7 : {I"}” — N_ such that the collection {I" : I(I") >
0} is finite and connected, where two elements I and I in {I"}? are connected if
sp(T") 11 sp(T”) # @. Denote by P? the collection of all polymers and by P4 those
made by contours in {F}f\;. It then follows from Ref. 20 that, if the Peierls constant
is large enough, there are numbers @ (/, s), such that

In ) WACE =) o’ (10)

res? 1eP?
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. . ¢
Callingsp, (/) = Ur:](r)>0 sp(I"), withsp (") := sp(I") U 8,,,,/ [sp(I")], we
then set:

. 1 N
UnEn) =—5 Y. o) (E11)

1e P! sp, (I)=A

wh(I, 5) satisfy the bound:

Y e LBl [] 7O <1 (F12)

I:sp(1)>x r:1(I)=0

(F.12) follows by the general theory (see Ref. 20) after noting that the number
of contours #(A) := #{T" : sp(I’) = A} is bounded by (Q + 1)¥s¥ ™ and for y
small enough, since 2o < 1, #(A)e Vs « 1, (R, /2 is not optimal). (6.6) and
(6.7) then follows from (F.11)—(F.12):

BY WG = Y Mo’ Bl
A>x I:sp, (I)>x
~ - R
< D NEPU o] [ e WO
I:sp, (I)>Cy r:1(r=o

Where we used the fact that N I(I") — Nr > 0. Since minr Nr = 3¢, then:

BY IULE < Y Y e Dl [ eV

asx CE[C,.ua“'V [cx]]fism(l)jc r:1(I)>0

< 3= 33,

last inequality uses the (F.12) and the translation invariance of U?, for y small
enough (6.6) follows. (6.7) can be proven analogously. The proof of (6.10) follows
from (4.9) in a similar way. Theorem 6.1 is proved. O
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